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Paper IV - Section I 
Relativity (50 Marks) 
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ment, Lorentz-Fiizgerald Contraction, Ether-drag hypothesis. 
Postulates of Special Theory of Relativity. 

2. Relativistic Kinematics: 

Relativity of Simultaneity, Derivation of LorenteTransrormation 
Equations, Some consequences of the Lorentz Transforma¬ 
tion Equations, Main features of Loreniz Transformation 
Equations, Relativistic addition of velocities. Aberration and 
* Doppler Effects in Relativity. 

3. Relativistic Mechanics : 

Mechanics and Relativity, Redefining momentum. Relativistic 
Momentum, Mass in Relativity, Relativistic Force Law and 
Dynamics of a single particle, Equivalence of Mass and 
Energy,Transformation properties of Momentum, Energy, Mass 
and Force. 
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Interdependence of Electric and Magnetic Fields, Transfor¬ 
mation Formulae for E and B, Field of uniformly moving point 
charge, Forces and Fields near a current corryina wire Forces 
between moving charges. 

5. • Geometric Representation of Space-Time. 
b. The Twin Paradox. 

7. Principle of-Equivalence qnd General Relativity. 
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In 1905, Albert Einstein put forward the first version of the 
theory of Relativity. According to this theory, the three fundamental 
quantities of Physics, namely, space (L), time (T) and mass (M) are 
not absolute but relative i.e. their values are different for different 
observers whose frames of reference are in different states of motion. 

In other words, the value of each quantity varies from observer 'to 
observer in different states of motion. Due to this, all other 
quantities of Physics such as velocity, acceleration, momentum, work, 
power, energy etc. which depend on (M), (L) and (T) also become 
relative. Hence this theory is called the theory of Relativity. 

The theory which was put forward in 1905 deals with a special 
v type of the frames of reference called inertial frames of reference" (i.e. 
i* the frames in uniform translational motion). Hence the theory was 
named as the "Special theory of Relativity". | 

In 1916, Einstein formulated a new theory which deals with all 
types of frames of reference, inertial as well as non-inertial (i.e. the 
frames in non-uniform motion or rotational motion). This theory was 
named as the "General theory of Relativity". 

Special and General theories of Relativity are probably some of 
the most beautiful and the most perfect of all existing theories of 
Physics. They are the most logically complete and satisfying theories 
in existence. Their foundations are so real that no physicist has found 
any reason to reject any one of them till (he present day. 

As we shall see in tins book, the theories of Relativity created a j 

great revolution in the fundamental concepts of Physics and Human 
thinking. They produced complete transformations in classical ideas 
i of space, time and mass. They provided a thorough refinement of 

* C, assical Newtonian Mechanics for high velocities, comparable to 
the velocity of light. The most beautiful feature of these theories is 
that they reduce to the theories of Classical Newtonian Mechanics i 
the limits 0 f | QW ve | 0Clties 
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The theories of Relativity have stood immortal and unshaken 1 
the winds of time. All experimental investigations carried out to te" 
their validity have contributed to man's faith in Relativity. J 

The theories of Relativity are the greatest achievements 0 | 
human intellect and genius of Albert Einstein who is credited a$ a 
sole originator and creator of these theories. They are fruits of th e 
tremendous power of human thinking and devotion. Einstein’s nam ? 
has become almost synonymous with Relativity. 

We shall present the classical, pre-relativistic ideas and consi¬ 
derations in the first chapter under the title "Newtonian Relativity'. 
These ideas will be revised and the new ideas of the Special theory 
of Relativity will be formulated in the chapter 2. Relativistic 
Kinematics will be developed in inis chapter. The chapter 3 will be 
devoted to the formulation of Relativistic Mechanics. Relativistic 
Electromagnetism will be formulated in chapter 4. Space-time 
diagrams will be presented in chapter 5. A twin paradox or clock 
paradox will be investigated in chapter 6. In the last chapter (i.e. 

chapter 7), we shall study the elementary principles and conclusions 
of the General theory of Relativity. 

* 

SP SF SP 
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in this chapter we shall study the concep^and consideraUons 
of classical Relativity which were preva Relativity. The 

C3S upncp we call it Newtonian Relativity. 

""'“using Newtonian Relativity^ shall J^cs.'weXll 

describe°some “ making 

*,f “‘«*S t y 2 SV basic id„s of 

i&r&xs*.& Sc 

presented in the next chapter. 

1.1 FRAME OF REFERENCE : 

In mechanics we study different types of motions^ Thes e r not'o 
are always described relative to some reference body^Moreove 1^ 

description of the motion also depends upon e example 

cted by us. To understand this let us consider the following example. 

An observer drops a stone from a railway 
travelling with uniform velocity. He observes from the « rn *9* j 
the stone falls onto the ground in vertically downward direction 
(neglecting the effect of air resistance). The same expe 
observed by another observer standing on the ground. He finds mat 
the stone moves to the ground along a parabolic curve. ar ( f 

railway carriage is taken as a reference body the ^ot.on.s Imea^i 
the ground is taken as a reference body the motion |S ^P the 

see clearly how the description of motion de P^ d 
Terence body relative to which the motion is descri 


n 





i 


Scanned by CamScanner 
















*. ;,7 - 

l: 


i i 


To describe the motion mathematically we have to locate th e 
positions of the particle in space at different Instants of^hme If ^ 
use Cartesian co-ordinate system the position of the' Particle can b e 
described by the co-ordinates (x,y,z). To locate the «nstanU of time a 
stop-watch (which can be started suitably) can be provided in the 
cartesian co-ordinate system. We can attach this system along with 
the stop-watch to the reference body. This becomes one frame of 
reference. Such frame of reference can be fixed in a suitable manner to 
the railway carriage as well as to the ground. 

The frames of reference can be classified into two catagories 
(i) Inertial frames of reference (ii) Non-inertial frames of reference. 

1.2 INERTIAL FRAME OF REFERENCE : 

Definition : A frame of reference in which Newton's law of inertia 
(i.e. Newton's first law of motion) holds good is called an inertial 
frame of reference. 

According to Newton's law of inertia, a body continues in its 
state or rest or of uniform motion along a straight line unless and 
until an external force acts on it. A frame of reference in which this 
actually happens is called an inertial frame of reference. In order to 
understand this, we shall consider the following example. 

Example:- 


( 



a) 


Frame 
at rest 


b) 


-> 


Frame In 

Accelerated 

Motion 


Frame in 
Uniform 
Motion 


d) 


Frame in 
Retarded 
Motion 


Hg. 1.1: A railway carriage at rest and Inunfform/non-uniform motion 

A sphere is lying on the floor of a railway carriage (Fig 1.1). The 
carnage is completely closed and the observer standing in the earn- 
age has no knowledge of what is happening outside the carriage. The 
observer does not apply any external force on the sphere 

a) Ss"that thfsohj! f tionar y the Server inside the carriage 
unless and un T*? * “"f? 

obeys Newton’s law of inertia rTlativj , 0 
dudes that the carriage is an ineS frame Cama9e ‘ 

? - r 'Ti 

carriage finds that suddenly the sphere l^ e , obse 7 e r. of Z 

I..*)]»»„ b/isr-rstss 
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of any external force. The observer concludes that, 
app the sphere does not obey Newton’s law of inertia relative 
t°the carriage and the carriage is not an inertial frame. 

„ vL some time, the carriage attains high velocity and moves 
c) A .h the same uniform velocity along a straight line. The obser- 
.r inside the carriage observes that again the sphere obeys 
Hwton's law of inertia i.e. unless and until he applies some 
fnrce the sphere remains at rest relative to the carriage. Hence he 
concludes that once again the carriage has become an inertial 

frame. 

j. suddenly the carriage is retarded. Its velocity goes on decrea- 
sina The observer of the carriage finds that suddenly the sphere 
starts moving away from him [Fig. 1.1(d)] automatically, without 
aDDlication of any external force. The observer concludes that 
again the sphere does not obey Newton's law of inertia and the 
carriage is no longer an inertial frame. 

Thus when the railway carriage is stationary or in uniform 
translational motion it is an inertial frame of reference. When it is 
accelerated or retarded or when it is changing the direction of 
motion it no longer behaves as an inertial frame of reference. 

You must have experienced that 
if you toss a ball in vertically upward 
direction (Fig. 1.2) in a railway carri¬ 
age having uniform translational mo¬ 
tion it drops back into your hands. Its 
^behaviour is the same as that in a 
stationary carriage. This is due to the 
fact that both the frames of reference 
are inertial frames of reference in Fig. 1.2 : A ball tossed in vertically 
which Newton's law of inertia is obe- upward direction drops back Into 
yed identically. In this respect both your hands when the train is In 
the frames are equivalent. uniform translational motion. 

If the railway carriage is accelerated or retarded suddenly or it is 
moving along a sharply curved track the ball tossed in vertically 
upward direction would not drop into your hands because now the 
frame of reference is not inertial frame and Newton's law of inertia is 
not obeyed relative to it. 

Corollary : if two frames of reference are moving with an uniform 
velocity relative to each other and if one of them is known to be an 
merlial frame then the other frame becomes an inertial frame 
automatically. This is due to the fact that the given inertial frame 
mus t be in uniform translational motion. Since the relative velocity 





Scanned by CamScanner 

























■£$ 



between the two frames is uniform the other framealso is In unif 0rrr 
translational motion and hence It Is an inertial ra 

1.3 NO*WNERTIAL FRAME OF REFERENCE: 

Definition : A frame of reference which Is not Inertial is called, 
non-inertial frame of reference. 

In a non-inertial frame of reference, Newton's law of inertia does' 
not hold good. i.e. a body may change its state of rest or ® f umfor rn 
motion even without application of any external force. This will b e 
clear from the following examples. ^ 

Examples: 

i) A railway carriage which is accelerated or retarded or which is 
changing the direction of motion is a non-inertial frame of 
reference (Fig 1.1). 

ii) A rotating meny-go-round is a non-inertial frame of reference. To 
test this, let us put a sphere on the floor of the merry-go-round 
and set the merry-go-round into rotation. The sphere starts 
moving away from the axis of rotation relative to the merry-go- 
round automatically, without application of any external force. 
Thus in this frame the lav/ of inertia is not obeyed and it is a 
non-inertial frame. 

iii) Earth rotates about its own axis. It is orbiting around the sun. 
Hence it is a non-inertial frame. 

Remarks: 

1. Strictly speaking there is no perfect inertial frame of reference in 
the universe. Ideal inertial frame exists only in theory. Newtcfn 
had assumed that a frame of reference fixed with respect to the 
stars is an inertial frame of reference. But now it is known that 
even the stars may be in rotational or some other non-uniform 
motion. 

2. Newton's laws of motion are true only in inertial frames of 

reference and as we have seen, there is no truely perfect inertia 
frame of reference in existence. You can visualize the limited 

scope of Newton's laws of Motion and Classical Mechanic* 

which is based on these laws. Even Newton was very m un¬ 

disturbed by the fact that his laws of motion have such 
restricted validity and limited applicability. 

3. For practical purposes we can neglect the effects produced by ilf 
rotational and orbital motion of the earth. Then a frame of refe¬ 
rence attached to the earth can be taken as an inertial frame o' 
reference. Due to this, the other frames in uniform translation^ 
motion relative to the earth can be considered as inertial frame** 
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• In special theory of Relativity we consider only the inertial 
Notc ‘f reference. Hence the theory has been named as "Special" 

a ° f Reiativiiy - 

i n General theory of Relativity we consider all frames of 
f rence, inertial as well as non-inertial. Hence the theory is called 
"General" theory of Relativity. 

1 4 EVENTS AND CO-ORDINATE TRANSFORMATIONS : 

An event is something occuring at a point in space at an instant 
of time. To describe an event relative to a frame of reference four co¬ 
ordinates (x,y,z,t) are required. They will give information about - 
where the event has occured and when it has occured. 

The description of an event may vary from one frame of reference 
to the other. For example in a frame S an event is described as 
(x,y,z,t). Relative to the frame S' the same event is described as 
(x',/,40. 'f we can establish equations connecting these co-ordi¬ 
nates then the description of an event observed in one frame can be 
transformed into another frame. Such equations are called co-ordinate 
transformation equations. We shall now obtain such transformation 
equations of Newtonian Relativity. They are named as Galilean j 
transformation equations (or classical transformation equations). 

1.5 GALILEAN TRANSFORMATIONS : 



Rg 1.3: Two Inertial frames of reference In relative motion 

Let us consider two inertial frames of reference S and S'. The 
frame S' is moving with uniform linear velocity V (use capital letter) 
relative to S along X-axis so that X-axis and X -axis 

coincide with each other. 
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When the origin O' coincides with O momentarily the stop¬ 
watches are put on in the frame S and S'. Hence at that instant, 

t = 0 for the frame S and 

t' = 0 for the frame S' | 

An event occurs at the point P in space. It is described by the 
co-ordinates (x,y,z,t) relative to the frame S and by the co-ordinates- 

(*>r40 relative to the frame S' (Fig 1.3). 

/ 

For the observer in the frame S the origin O' moves from O to O' 
in time t with velocity V. 

00 ' 


\ V = 


00' = Vf. 



Let PM be perpendicular to X and X'-axes. Then by definition of 
co-ordinates, x = OM and x' = O'M. 

Now, OM = 00' +O'M 

'.*• x = Vt + / 

.*• / = x-Vt. 4 

and r" 106 tHere ' S n ° re ' aliVe m0t '° n alon9 Y and z - axes ar| d since X 
and X - axes are coinciding, / = y> / = z * 

^ by itS "««« flow- 
one universal.time for all frames of referena'fe^h' HenCe there is 
occuring at the same time relative to both the fmmes VXence. 1 * 


r = t. 


The equations. 



.( 1 . 1 ) 


are called Galilean transformation equation* n , 

“on e9uation ^ for space and time co ord na ,« C ' aSSical transf °r™- 

1.6 INVARIANCE OF A PHYCira, ' 

UW; A. PHYSICAL quantity AND A physical. 

Definition : A physical quantity i. > 

^nainnhe ^mewhe^thecd:^i n ^ ai .^° be '"variant if its value * 
ffomoiie frame of reference to anothel f™m f ° < rmations are carried ° ut 
For example, we can see f m * ° f referen «- 

ordinates are invariant, time al oTinv^Ti 0 ^ tha ‘ ^and z co¬ 
invariant under Calilean transform a « on " ant but * oo-ordinate is not 
Wm?"-' - ' * . a 
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h*flnltlon : A physical law is said to be invariant if the equation 
** ***„ «vS-t^r-ratarrtc s»c_ _j*_ H 


-TjfteferertM* 


The concept of invariance is going to play a very important role 
in Relativity. In what follows we shall investigate whether several 
quantities and several laws belonging to Mechanics and Electro¬ 
dynamics are invariant or not under Galilean transformations of 
Newtonian Relativity. 


GALILEAN TRANSFORMATIONS IN MECHANICS 
1.7 INVARIANCE OF SPACE : 


Let us consider two points in space. Relative to the frame S, 
their co-ordinates are (xi, y\, z\) and (x 2/ y 2 , * 2 ) respectively. Then 
the distance between the two points as measured in the frame S is 
given by 

s = V(* 2 -*i) 2 + (y 2 -yi) 2 + fo -zi) 2 

Let the co-ordinates of the two points relative to the frame S' be 

f r $ / / / 

(x y Y y Zj) and (x ?/ y 2 , z 2 ) respectively. Then the distance between 


i 


the two points as measured in the frame S' is given by 



Now, according to Galilean transformations , 

= x-Vt. , 

.*. For the first point, x' = xt-V^. 



...( 1 . 2 ) 





FK 

r 


7 

s 

f; 




t 

K 


For the second point, x # 2 = x 2 - Vt 2 . 

Whenever the length of an object (particularly a moving object) 
•s to be measured the end points of the object should be located on 
e scale (or on the axis) simultaneously i.e. at the same instant f. 
^ Hence h = fc = t 

For example, you want to measure the length of a moving fish. If 
rp. v ^ ou ^ locate its tail and head on the scale at the same instant t 
L 9 * * 4 < a )] you will get the length of the fish. If you would locate 
/u\i 1 at an instant t] and its head at some later instant t 2 [Fig. 1.4 
J can you get the length of the fish? 
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X! - Vt 


X2 - Vt. 


.*. X. 


and x 2 = 


/ 9 


x 2 - x 1 = (x 2 - Vf) - (xi - V() = X 2 -X) 


•0.3) 




It 


: t* 


*1 



•• ' ! ‘2 


' X!T?;fn n in? j? r i vj njjzizn ihlIh ' J' 1 r f r , r , r f n~h pT’ 

(a) (b) 

Fig. 1.4: Measurement of the length of a moving fish 

According to Galilean transformations, / = y 


- 


= yi and y 2 = y 2 


■■ Y 2 ' J'i = Y2 -Vi 

.(1.4) 

/ t 

Z 2 ’ Z ] = z 2 ~ z 1 

.0.5) : 


By equations (1.3), (1.4) and (1.5), equation (1.2) becomes, 

y - V(x 2 -X|) 2 « (K2-yi ) 2 + (z 2 -/i) r_ = J 

dist ?. nce between two points is invariant under 
Galilean transformations. 

1.8 INVARIANCE OF TIME - INTERVALS : 

Let us consider two events occuring in space.. Relative to the 
frame S, they occur at the instants I, and t 2 respectively. 

gi™ 'by tefVal belWeen lhe lW0 events as ™«ured in the frame S is 

At = - t] 

Let the same events occur at the instants and respectively \ 
relative to the frame S'. 

i 

Time - interval between the two pvpmk ac ™ 
c , . , 0 evenls as measured in the frame 

S is given by 

' • 

(A()' = t 2 -f,. 



_ v.JH 
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= t. 


/vewfcxjiSC- 

According to Galilean transformations, t 

t 

.. For the first event, t, = f l- 

For the second event, t 2 = *2- 

... (Aty = 4 - 4 = <2 - = At - 

Thus the time - interval between the two events is invariant 
under Galilean transformations. 

1.9 INVARIANCE OF MASS: 

In Mechanics we measure the mass of a body by finding the ratio 
f thL force actina on the body to the acceleration thereby acquired 
bv the bTdv This mass is a measure of inertia of the body and hence 
u V is called inertial mass of the body. Mass is also a measure of the 
Quantity of matter contained by the body. Hence it is the intrinsic 
orooerty of the body alone. It does not depend upon the motion of 
the body or of the observer or on anything external. According to the 
principle of conservation of mass, a basic principle of Chemistry and 
Classical Physics the mass of an isolated system remains “^ant 
eternally/ Hence there is one and only one universal mass of each 
, '^body. Therefore the mass of a body must remain the same in both the 

frames S and S'. 

i.e. m' = m. 

Thus mass is invariant under Galilean transformations. 

V10 GALILEAN TRANSFORMATIONS OF VELOCITY : 

Let us consider a particle moving in space. Let its velocity 
relative to the frame S be u having components u*, u y , u z along a, y 
and Z-axes respectively. 

dydz 
- - = dt 


Tk dX 

Then u x = wr , 


dt ' , u y ' dt 
Let its corresponding velocity relative to the frame S be u 
having components o'*, u\, W z along X’, V, Z'-axes respectively. 


d/ 
dt' ’ 

/ 

u = 
y 

<bL u ; 

dt z 

= 

d/ 

dt! 

dy 

dt' 

d 

= dt 

(x-Vf) = 

dx 

dt 

4w- 


Ux-V 



" a r 

(Please note that V is constant for inertial frames). 
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JP 


/ 

u 

y 


dy 

dt 

~ dt 

9 

d/ 

dz 

U 

z 

dt 

~ dt 



Thus we have, 


u = u x - V 

X * 

/ 

U = Uu 

y y 
/ 

u = u z 
z *- 


( 1 . 6 ) 


These are the Galilean transformation equations for velocity 
components. 


From these equations we can see easily that Y and Z-components 
of velocity are invariant but X-component is not invariant , under 
Galilean transformations, i.e. the velocity of a particle is different in 
different frames of reference moving relative to each other. 

GALILEAN TRANSFORMATIONS OF ACCELERATION : 

Let the acceleration of a particle relative to the frame S be o 
having components o x Oy, a z along X, Y and Z -axes respectively. 


Then o x 


dux 

dt ' °y 



du z 

dt 


Let the corresponding acceleration of the particle relative to the 

frame S' be o' having components o' x , d o\ along X" ,Y and Z' - axes 
respectively. 


Then a 

X 




/ 




dux dV du x 
dt " dt = ~dt~~° = 



Scanned by CamScanner 










Thus we have# 


0.7) 



Hence we can say# o' = a i.e. the acceleration of the particle is 
invanarOhHerGalilean transformations. 

1.12 GALILEAN TRANSFORMATIONS OF FORCE : 

By Newton's second law of motion, the force is given by 

F = ma. 

Relative to the frame S# F = ma. 

Relative to the frame S', F' = rrfd 

But m’ = m and o’ = a. (see sections § 1 .9 and § 1.11) 

F' = F 

Thus force is invariant under Galilean transformations. 

' 1.13 INVARIANCE OF NEWTON'S LAWS OF MOTION : 


Since F' = F, m ’ -m, a' -a the equation 


F - ma 


has the same form in the frames S and S'. Hence Newton's laws of 
motion are invariant under Galilean Transformations. 



INVARIANCE OF THE PRINCIPLE 
MOMENTUM: 


OF CONSERVATION OF 


The momentum of a particle having mass m and moving with a 
velocity u is given by 


p = mu. 


We have seen in § 1.9 and § 1.10 that mass is invariant but 
velocity is not invariant under Galilean transformations. Hence the 
momentum of the particle is not invariant under Galilean transforma¬ 
tions. It will be interesting to verify whether the Principle of conser¬ 
vation of momentum is invariant or not. Let us investigate this. 


Consider a head-on collision between two particles avrng 
ma s$es mi and m2 respectively. Before the collision, they are^mo• 1 g 
with velocities u\ and U2 respectively in the direction 0 -0 • 

^ttj C e°! iSi0n they are m ° Vin9 W ' th VelOCitieS a ton n of momentum for 
th'** same Erection. By Principle of conservation 

a frame $ we get# 
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Total initial momentum! 

fTotal final momentum 

- 

1 

of the system j = 

\of the system 


i.e. u\ + m 2 u 2 = 

m-\V\ + m 2 v 2 

.(1.8) 


We shall transform this equation to the frame S' as follows ; 
Since mass is invariant, m'y = mi, m '? = m 2 
By Galilean transformations of velocity. 


”* = u x .V^ 


U* = 


u + V 

X 


For the first particle, U] = u^+V, 




= v 1 +V 


/ 


For the second particle, u 2 = u' 2 + v 2 = v + y 

Substituting these in equation (1.8), 
m i (u } + V)+ m 2 (u 2 + V) = (v' + V) + m ' 2 ( v ' 2 + V) 

m i u i + m i K+ m 2 U 2 + m 2 V = m i v i + m \ v ' + m v + mV > 

Z Z 2 


/ / 


> • f / 


‘ m i U l + m 2 <7 2 = m i V l + m 2 V 2 


.(1.9 


The equations (1.8) and (1.9) have the same from. Hence the 
transformations' 156 ™ 31 ' 0 " °' m0me " tUm " invaria "‘ Galilean 

Concluding Remarks: 

Uplo this point we have got all pleasant results matching with 
our expectations. The fundamental quantities of Mechanics vi/. 
space, time and mass are invariant under Galilean transforma-ions ie, 
space, lime and mass are absolute quantities in Newtonian R« 
.Their values remain the same in all inertial frames of reference v/» 
Jhe fundamental laws of Mechanics, via. Newton's laws o motion, 
conservation laws etc are invariant, i.e. the same laws a°e valid % 
all inertia frames of reference and for different inertial frames we df 
not have to formulate separate laws of Mechanics. These conclusion 
have already been'tested experimentally in Classical Mechanics. ' 

'\SALILEAN TRANSFORMATIONS IN ELECTRODYNAMICS 
(l^5 HISTORICAL SURVEY OF ELECTRODYNAMICS : j 

i I. Opto the first half of nineteenth century. Mechanics was tM 
.most dominating branch ol Physics. Mechanical views were used I 
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. var ;ous phenomena in all other branches of Physics. For 
expl a,n kinetic theory of gases was formulated to explain various- 
eXamP mena of heat. Wave theory was formulated to explain prop.aga- 
P hen0 f soun d and light. Even corpuscular theory of light was(manife-' 
11 r n>of these mechanical views. Attractions and repulsions by 
^lectric charges and magnetic poles were explained by Coulomb's law 
using the same mechanical views. 

During the second half of nineteenth century, Faraday introduced 
the concept of "field" into Physics in order to explain "action at a 
distance" from electric charges and magnetic poles. According to 
this concept, the electric charges and magnetic poles do not exert 
the forces of attraction or repulsion directly on other electric charges 
and magnetic poles respectively. An electric charge produces an 
electric field around itself which exerts the forces on other charges 
lying in the field. Similarly a magnetic pole produces a magnetic 
"field around - itself which exerts forces on other magnetic poles lying 
in the field. 

It was observed experimentally that electric field and magnetic 
field* are interconnected. Oersted's experiment of deflection of a 
magnetic needle kept in the vicinity of a wire carrying a current lead 
us to conclude that a changing electric field gives rise to a magnetic 
field.*Faraday's experiments of induced currents due to the movement 
"of a magnet lead us to conclude that a changing magnetic field 
gives rise to an electric field. Hence instead of treating an electric 
field and a magnetic Field as separate entities, both were united into 
one entity, the electromagnetic field. The behaviour of_an electro- 
mangetic .field is studied in a new branch of Physics named as 
Electromagnetism. Here_the laws of Mechanics are not applicable. In 
1862"Maxwell formulated the laws and the equations of electro¬ 
magnetism. 

When a disturbance is produced at a point in an electromagnetic 
field it induces a change in the field surrounding the point. This 
leads to a change further away. Thus the original disturbance h3s a 
tendency to spread in space with some velocity. The static 
electromagnetic field becomes dynamic and electromagnetic waves 
produced in electromagnetic field. 

According to Maxwell's theory of electrodynamics these 
electromagnetic waves travel with a velocity c = e 

■ Permittivity and p is permeability of the transmitting me^um Thus 

m Oh U ? y ° f the e, ~9ne«c waves depends upon^the e'ectm 

9netlc property of the transmitting medium. In t 
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. carp the velocity of the electromagnet^ 
ledlum, i.e. in empty space, tn 

waves is given by 

1 \ 

c - 


1 


aF 

\ 4k > 


1 


4jix 9 x 10 9 


x4rcx 10' 7 


= V9x10 16 = 3x10 8 m/s. 

Thus Maxwell's theory of electrodynamics leads us to concise 
that the electroniagn ellc Jwaves travel in empty space witri ar 
uniform and constant velocity, c = 3 x 10 s m/s in all directions. 
Now, even light waves are found to travel with the same velocity in 
empty space. Hence Maxwell considered light to be consisting ol 
electromagnetic waves. 

In 1890, when Hertz couid produce electromagnetic waves 
experimentally, Maxwell's electrodynamics became a well established 
branch of Physics, different from Classical Mechanics. 

1.16 THE ETHER HYPOTHESIS : 

Even after introducing the new electromagnetic wave theory, the 
physicists of that time were accustomed to think in terms of the old 
mechanical views. They stressed that every wave must have a material 
medium in which It wouldjravel. For example, sound waves travel in 
air ocean waves travel in water. Light waves also must have some 
medium lt_was_ known that light can travel through vacuum also. 
Hence Maxwell and Hertz themselves introduced a hypothetical 
material medium named as 'ether-. The liqht waves andall other 
electromagnetic waves were assumed to travel through ethe E h! 
was completely an imaqinarv mpHi..m if . y einer - tiner | 

perfectly transparent and penetratinq Til Inf C0 ? K S,dered t0 be 
had no mass, zero density and no effect of nrTvV" T 6 universe ' l \ 
any Jrictional resistance to the mattpr 'F * never exerted 

undetectable by any means and by all m f Vm ^ , tbrou 9 b K was 
^operl^excepj tojransmit Hghtld oth! 1 ? $hort ' il had 
with velocity c = 3 x io 8 m/sT-~ ~ electromagnetic waves 

At the end of nineteenth cenfurv tu ^ 

regarded as the most promising and ah2si ether h yP°fhesis was 

Galilean transformations? i.e. Do Ma«!!S. 1 "’ amiCi invariant under 
■ these laws, retain their form unde7rxn eqUations which re P re ' 
f hat follows we shall investigate whe,hf e l n lransf °™ations? In 

r the wave equation of 



_ 


_ 
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electromagnetic waves (which is derived from Maxwell's equations) 
is invariant^under Galilean transformations. 

"lJ7~N0N-lNVARIANCE OF THE WAVE EQUATION OF electro¬ 
dynamics UNDER GALILEAN TRANSFORMATIONS : v ♦ 

a Q 

The electromagnetic wave equation is \ 


$■§ 3 2 <f> 1 3 2 <h 

3x 2 + By 2 + Bz 2 *7 3t 2 




= 0 


/\ $ ' r 

& }r C 


>' I. 

5 


where <|) is scalar potential which is a function of x, y, z, and t. 
i) Using the*chain rule of partial derivatives, 


a<j» 

a<t» 

ax’ 
— + 

a<> 


a<t> 

az' 

+ —- • 

at; 

ax ■ 

Bx'' 

ax 

ay' 

Bx 

aP 

3x 

at' 

ax 

m dx ' 

Now, — = 

- f(X 

- W) 

— m 

2*.^ 


1 -V: 

xO = 

Bx 

ax 


Bx 

ax 



w , 

= & 

= 0 


K 



az 

= 0 

Bx 

ax 


Bx 



ax 


BV 

at 

— n 







Bx 

ax 

= u 








Substituting these values, the initial equation becomes 

I 4 = 24 x 1 + — x0 + —x0 + —xO = 24 
ax ax' dy' Bz' at' Bx' 


a_ 

3x 


ax' 

_a_ 

ax' 


..( 1 . 10 ) 


") 


H ax* a<t> ay 1 a$ az' a<> at' 

By dx' By + a y' By + dz' By + Bt ! By 


N ° W/ = ~(x- Vt) = —-V— = 
By By dy By 


at . & . 

ay ay 

ar _ at 

ay ay “ 0 


ay 


az 

ay 


= o 




. 0 . 11 ) 
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Hi) Using the same method as in (ii) we can prove, 

a a 



3z 


3z' 


• 0 - 12 ) 


iv) 


a$ _ a$ ax* a<j> ay' d<t> az' a<j> at 1 
at ax' at ay' at az' at, at' at 



at 

ay; _ ay _ 


Now, ^ = — (x - Vt) = -.y- 

^ at at at 


at 

at; 

at 

a<t> 

a7 


at 


= o 


az; 

at 


az 

at 


ii 


= o 


r= 1 

at 


^•(■H + f,xO + ^O t -xl 
ax ^ 


3(J> 

ay' 


a 4> 
a? 


a«j> 

a? 


3$ 

ac‘ sx' 


4 - 

at at' ax' 


n 


...(1.13) 

The electromagnetic wave equation in the frame S is as follows: 


1 


= 0 


a 2 4 » a 2 <{) a 2 <{) i a 2 <t> 

ax 2 ay 2 az 2 ^ at 2 

f a 2 a 2 a 2 i a 2 ~i 

"Lax* = 0 


...(1.14) t 


By equations (1.10), (1.11), (1.12) & (1.13) this equation 
becomes 


li 

( 

ii 

t 


a 2 a 2 > a 2 jy_a_ jw-i 
Lax ' 2 + ay ' 2 + az , 2 'c 2 lat'‘ ax'JJ 
r Ji_ iL _ai_ j 

'’L3x< 2+ 3y 2 ’ l ‘az 2 'c 


a 2 


a 2 a 2 

— - 21/——+ i/2— 

at ' 2 at'.ax' * ax ' 2 


= o 


s> =• 


O' 


. afy afy i a^ 2v a 2 ^ v 2 d 2 & 

"dx* dy* 3z*'?3(* + c r dt'.dx'"&M2 = °-< 1 - 15) 

This is the wave equation in the frame S'. Due to the presence of 
the last two terms the equation(1.15) is not having the same form as 
the equation (1.14) Hence.the electromagnetic wave equation is nfij, 
invariant under Galilean transformations. 

Remarks : 

j) Can you think of the implications of the above-result? In the 
frame S the electromagnetic waves propagate in space according 
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ii) 


one equation and in the frame S' the same waves appear to 
t0 naaate according to some other equation! i.e. in the frame $, 
Maxwell's equations' are obeyed but in the frame S’, they are not 
obeyed 1 This means that for different inertial frames of reference 
we shall have to formulate different laws of electrodynamics! 

m case if the velocity (VO of the frame S' relative to the frame S 
is much smaller than the velocity (c) of light then the last two 
terms of equation (1.15) become very small and can be 
neglected in comparison with other terms. Then the form of the 
equation (1.15) would be the same, as that of (1.14). Thus if the 
frame S’ is moving with a very small velocity then the wave 
equation becomes invariant under Galilean transformations. 

ill) j U st look at the equations (1.10), (1.11)# (1.12) and (1.13). You 
will observe that the wave equation is not invariant due to the 
manner in which the time co-ordinate is transformed. There may 
be something wrong in our concept of time. As we shall proceed 
further you will realize this. 

1.18 VELOCITY OF PROPAGATION OF LIGHT AMD GALILEAN 
TRANSFORMATIONS: 

As we have seen earlier, Maxwell's electrodynamics incorporates 
the waves of light into its fold. According to Maxwell $ theory, 
light consists of electromagnetic waves which travel in empty space 
(i.e. through ether) with an uniform, constant velocity c = 3 x 10 8 m/s 
in all directions. This has been proved not only theoretically but has 
been verified experimentally also. 

Now let us attach 
the frame S to ether. A 
ray of light is travell¬ 
ing along X-axis with 
velocity c relative to 
the frame S. Hence u x = 
c. By Galilean trans¬ 
formations of velocity. 


u 


u 


= Ux-V, 


= u 


y i 



u z = u 2 . 


Fig. 1.5 Velocity of light In frames S & S 


Hence the velocity of the ray relative to the frame S is given by 



= c- V 
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If the ray travels in X-Y plane in different directions witl c 
velocity c then its velocity varies from c - V to c + V relative to th( - 

frame S'. Thus the velocity of light is not invariant under Galilean 
transformations, i.e. for different observers in different states o| 
motion the velocity of light comes out to be different. Thijj- f 
contradicts the conclusion of Maxwell's theory of electrodynamics 
that the velocity of light and other electromagnetic waves depends 
only upon the electromagnetic property of the transmitting medium 

and in vacuum it is always equal to c = 3 x 10 8 m/s in all directions 
and for all observers. 1 

1.19>e^OUJTE FRAME OF REFERENCE : 

physicists of late 19th Century observed that although the laws 
° lil, T' are invariant u "der Galilean transformations, the laws 

For diffe°rem a ha CS inVariant under Galilean transformations. 

velocitv of Unh, ' , d '" erent laWS are 10 be devised. Even the 

they assumed thaTmeT “"Va" 16 ° f re,erence to another. Hence 

reference named as "absolute* ^ U ", iqUe ' Universal frame o( 
vc iidmea as absolute frame of referencp" in thic __ 

their stand^r^Vori^^of h Maxwe!i° nS th°e 0 r/ C o°n C |y n ni ,1 't|'is W f >U ^ d 

sr: ara-.x-siri-PiS £ X 

velocity of light would be different from c S^nce'the absolT®/ ^ 

° f ''-‘-dynamics VisX 

relative « s^“ ^ 

absolute frame is attached to ether Thus the^th 1 * e ther ' Hence this 
frame of reference. " 5 tbe t ' l,ler becomes absolute 

Now since the earth travels in snaro m 
this absolute frame of reference, the vetocTt^Jf'toh; relatiW * 
relative to the earth must be different from r * ,' 8 9 me3sured 

to detect the effect of earth's motion on th” 3 ^ ° m/s - ln order 
Michelson and E.W. Morley in 1887 deli.* ° C,ty ° f '' 9ht ' A ’H 
experiment which is described in what follows 0n * epoch ' rnakifl5 

1.20 MICHELSON - MORLEY EXPERIMENT: 

Aim : Let us assume that the velocity of lioht • . ii 

frames of reference and only in absolute frame 'If" 01 , the Same in -i 
iwd o, ».,h S d » 


U 
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l0 8 m/s in empty space. In all other frames moving relative to 
this absolute frame the velocity of light would be different from c. 

Earth is moving in space through ether relative to this absolute 
It rotates about its own axis and it orbits around the sun. Even 
f rarne ' gleet earth's spinning motion its orbital velocity around the 
sun is V = 3° km/s = 30000 m/s. which is comparable to the velocity 

of light. 

Thus the earth moves with a velocity V relative to the absolute 
frame and light rays are travelling with velocity c relative to the 
am e absolute frame. Hence when the velocity of light is measured 
relative to the earth it would be different from c, according to 
Galilean transformations of velocity (see Fig. 1 . 5 ). jn jorder to jtest 
whether the velocity of' light measured relative to the earth remains 
the same'as c ortbanges7 MicKeIson and Morley in 1887 performed 
this experiment'using Michelson's interferometer. 


s 



Fig. 1.6: Schematic arrangement of the Interferometer 

from A »h eam ° f monoc hromatic light (sodium light) ^pViaced at 
,r0m the »urce S is incident to a semisilvered glass P late p placea 
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an angle of 45° with the direction of the incident beam. The bearrrjj - 
partly reflected and partly transmitted in two orthogonal directions 
The reflected part of the beam travels in the direction perpendicular | 
to the incident beam and falls normally on the mirror Mi. It is then < 
reflected back to P. The transmitted part of the beam travels in the i 
direction of the incident beam and falls normally on the mirror Mj. i 
- Then it is reflected back to P. The rays returning to P are reflected I 
and refracted from P and travel towards the telescope T. Along the 
path the rays interfere with each other and interference pattern can be 
seen in the telescope T. The mirrors Mi and M 2 are so adjusted that 
PA = PB = I, say. 

( 

Method : The whole apparatus is moving along with the earth 
through ether with velocity V. Let the direction of the incident beam 
SP coincide with the direction of motion of the earth through ether. 
(See Fig. 1.6) 


Since the earth is moving relative to ether, the rays reflected 
from P strike the mirror Mi not at A but at A' and are reflected along 
A'P' to reach the plate at P'. Since the velocity '/ is uniform. PA 1 = 
A'P’. 



be t. 


Let the time required by the reflected rays to reach the mirror Mi 


Then c = 


PA’ 


PA’ = c. t. 


The mirror Mi moves from A to A’ with velocity V in the same 
AA* 


time t. Hence V =- 


t 


and AA 1 = Vf 


In right angled APAA', 

PA’ 2 = PA 2 + AA' 2 

/. c 2 f 2 = / 2 + V 2 t 2 

t 2 (c 2 - V 2 ) = 1 2 

i 2 

= ~^W •• f = 


f 2 




Since PA' = A'P', the time required to travel A’P' is t =_- 


Vc 2 - V 2 

Hence total time required by the reflected rays to come back to 
the plate is given by 

/ / 

h = 


21 


Vc^TV 2 V^-A/2 Vc 2 ^" 
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S The velocity of the transmitted rays travelling towards M 2 rela- 
. t0 the apparatus (i.e. relative to the earth) is c- V. The velocity 

Ik . rtrtorl frAm k 4 _ pm I «%4*n 4 >a aa infi ir if /• 1 1/ Tk/>PA 


^t,ve iu 1 1 —-'— —— - ■ * .- -— 

% of the rays reflected from M 2 relative to the apparatus is c + V. These 

tii» ra ys travel through distance / in each direction. Hence the total 
S time taken by the transmitted rays to come back to the plate is given 

% by 

the II Ic+IV+lc-IV 21c 

n b f h = c - V + c + V 


th, 




7T7W 


'ai 


lar th 

ther 


Time difference between the rays returning to the plate P is 
given by 

2/c 21 

21c 21 


At = t 2 - h = 


cted 

long 
'A' 5 


K 1 -£) 


V 2 

77 


21 r 

c 


r M, 


L 1 ■? ^ 

By Binomial TheoreVn, 

, n(n-1) _ -) 

(0 + x) n = 0 ° + na n_1 x + — 2 —^ + 

(’ • f )' 1 = (1 )_1 + ( ' 1)(! y2 (' f) + v 1 2 (2) (1 > 


;ame 



V 2 > 2 


- F, 


V'2 / V 2 \ 2 . , A'?. 

1 + F + l F ) h terms in higher powers of c 2 




Now, 1 / is small in comparison with c. Hence ~ is much less than 

\ 

* 1 . Due to this, the terms in higher powers of — become negligible in 
comparison with the r two terms on R.H.S. 

V 2 \- ] V 2 

1 + f 

= (D-'^ + (-i)o )- ?/2 (-f) + . 

1 v 2 
= 1+2F 
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1 + F 


‘0 (■ * m 


\t 


V 2 . 

7Z-'-2? 


IV 2 


F 


■ ?h 

21 n v 2 ' 

= 7[l?_ 

Path difference between the rays returning to the p ate P is 
given by 

^ metre — ~f~ wavelengths. 


Ax = c.At = 


" ,CL,C " c2 X 

Corresponding to this path difference the interference pattern is 
observed in the telescope T. 

Then the whole apparatus is rotated through 90° in the plane of 
the .above diagram (Fig. 1.6) in the clockwise sense. Now the rays 
reflected from the plate P travel in the direction parallel to the 
velocity V and the rays transmitted from the plate P travel in the 
direction perpendicular to the velocity V. i i 

.. .. I 

.-. Time taken by the reflected rays to come back to the plate 

= t'l = f2 1 

Time taken by the transmitted rays to come back to the plate 
* . = f’2 = h 


Time difference between the rays returning to the plate P is 
given by 


(At)’ = t 2 - ti = ti-t 2 = -(f 2 -ti) = 


-At. 


Path difference between the rays returning to the plate Pds 
given by 


(Ax)’ = C.(At)’ = 'C.(-At) = -Ax = 


/l/ 2 

^ wavelengths. 

Thus on rotating the apparatus through 90° the path difference 
changes from Ax to (Ax)'. The shift in the path difference is 

IV 2 / iv 2 


Ax - (Ax)’ = ft--I 


2 / 1/2 



ATA] ~ wavel ^ n 9 ths * 


Corresponding shift in the interference pattern 


- am 21V 2 £ . 

AN = -fringes. 


A 
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Thus on rotating the apparatus through 90° the interference 
pattern must be displaced through AN = fringes. Substituting the 

values of / and \ taken in the experiment and the known values of V 

and c this shift was calculated to be AN = 0.37 fringe, (i.e. almost 
one-third of a fringe). 

Result . The instrument used in the experiment was so accurate that a 

displacement of Jqq of the about amount (i.e. 0.0037 fringe) could 

have been observed if it would have occured. But Michelson and 
Morley could not observe any significant displacement in the 
inference pattern i.e. AN = 0. They repeated the experiment at various 

times of the day and in different seasons of the year but the result * 
was always in negative, 


Light Source Adjustable Mirror 

JjpL| Mirrors Mirrors 


VI U l) u AV, |’LAI L 


Mirrors 




*° n had mounted thejnterferometer on a massive stone 

| which could bier kept rotating (continuously. 
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1 DISCUSSION on Nfcu*i.* 

IXPEWMENTJ , Morely to detect the 

Thus the attempt m . ad ^ ^ t he C velocity of light failed miserably. 

, effect of the earth's motion the absurdity of our initial 

Truely speaking, this ha PP ene , x 10 « m/s only in absolute 

assumption that velocity of light is c - frames moving 

frame of reference attached to ether and n a ^ would be 

relative to this absolute frame the t ui/assumption we had 
different from c. If you remember, o expected some 

developed the theory of the experiment and experiment 

result. The expected result could not be obtained in the experiment 

because our initial assumption was wrong. 

But physicists of late nineteenth century were not ![] 

this manner. They were not ready to give up the idea of an a 
frame of reference attached to ether. They put forward several hypot e- 
ses which would preserve the concept of unique absolute frame 
attached to ether and still explain the null result obtained by 
Michelson and morley. Among these hypotheses, the most prominent 
were (i) Ether-drag hypothesis and (ii) Lorentz-Fitzgerald contraction 
hypothesis. 

ypStWE. ETHER - DRAG HYPOTHESIS : 

Or The experimental result of Michelson-Morley experiment implies 
that. 


shift in the interference pattern = 

21V 2 

i.e. fringe = 0. 


AN = 0. 


Now c is not every large in comparison with V i.e. it is not 
infinite. Hence the above equation reduces to 

V = 0. 

' *• th ® velocity of the earth relative to ether is zero. This means that 
the earth is stationary relative to ether. But we know that the earth is 
moving in space Hence while moving in space the earth must be 
dragging the ether along with itself and due to this its velocity 
relative to ether is zero. This is called ether-drag hypothesis 

Due to ether-drag the velocity of light relative to the earth 
would be the same as its velocity relative to ether i e c = 3 x 10 8 

H T e . nce f t ere n ° €ffec h t of the earth's motion on the velocity of 
ligh Thus ‘he ether-drag hypothesis can account for the negate 
result of Mischelson - Morley experiment. 
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We shall see in the next section that if we accept the ether-drag 
hypothesis then the experimentally observed phenomenon of 
‘aberration of light' can not be explained. Hence ether-drag 
hypothesis was dropped ultimately. 

1.23 ABERRATION OF LIGHT : 

In astronomical observations made in eighteenth century, it was 
found that a star lying directly overhead (i.e. at the Zenith) appears 
to move in a circle during a period of one year. The diameter of the 
circle subtends an angle of 41" at the earth. Stars in other positions 
appear to move along elliptical orbits but with the same period of 
one year. This phenomenon is called Aberration of light or Steller 
aberration and it can be understood as follows: 

We consider the rays of light emitted by the star and travelling 
in vertically downward direction towards the earth, through ether. If 
the earth were stationary relative to the star, the star could have been 
seen through the telescope by keeping the telescope vertical [See Fig. 
1.8 (a)]. But the earth is moving relative to the star, say towards 
right. Hence by the time the light rays travel in the telescope (from 
its objective to eyepiece) the telescope gets shifted towards right 
and the rays strike the walls of the telescope. As a result of this, the 
star cannot be seen through the telescope if we keep the telescope 
vertical. 


When we keep the telescope inclined at an angle a with the 
vertical direction of the rays, [Fig. 1.8 (b)] by the time At during 
which the light rays travel in the telescope, the telescope moves 
through a distance y.At (where V is the velocity of the earth relative 
to the star) to right and the eyepiece comes exactly below the star. 
Hence the star can be seen through the telescope. In time At, the rays 

travel through a distance c.At in vertically downward direction. As 
shown in Fig. 1.8(b), 


KA t 

tana = - 

c.At 


V 

c 


...(1.16) 


Substituting the values of V and c, a comes out to be 20.5". 

When the earth completes one revolution around the Sun during 
one year, the axis of the telescope directed towards the same star des¬ 
cribes a cone[Fig. 1.8 (c) and (d)] with vertical angle 2a. The diameter 
of the circle subtends an angle 2a = 41" at the earth. Thus the star 
'appears to move along a circle during a period of one year, when 
observed from the earth. 
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If the ether would have been dragged by the earth then the rays 
of light also would be moving towards right along with the earth, 
j.e. the earth would have been stationary relative to the rays. Then 
the star could have been seen by keeping the telescope vertical. The 
telescope would not have to be tilled and there would be no aberra¬ 
tion of light at all.' The star would appear to remain in the same 
position throughout the year. But the aberration of light has been 
observed experimentally and it is a well established phenomenon in 
astronomy. Hence ether is not dragged at all by the earth. If there is 
ether it remains stationary and the earth moves through ether without 
disturbing it. Thus the ether-drag hypothesis was rejected. 

1.24 LORENTZ - FITZGERALD CONTRACTION HYPOTHESIS : 

In order to preserve the concept of unique absolute frame of 
reference attached to ether and still explain the null result of 
Michelson-Morley experiment, Lorentz and Fitzgerald put forward a 
new hypothesis in 1892. It is known as Lorentz-Fitzgerald con¬ 
traction hypothesis. It is based on the following assumption. 

Assumption : The earth and the rays of light travel relative to the 
absolute frame of reference attached to ether. When a body moves 
through ether with a velocity V it contracts in the direction of 

I —V 2 

motion, becoming shorter by the factor Ml -^ 7 . There is no such con¬ 
traction in the direction perpendicular to the direction of motion. 

According to this assumption, the frength of a body moving 
with a velocity V, in the direction of motion is given by 


/ = l 0 




W 

c? 


where l Q is its length when it is stationary relative to the same 


observer. 


Since 




W 1 


/< In 


i.e. there is contraction in the length of the moving body in the 
direction of motion. 

Such contraction can not be detected by measuring the length of 
the moving body using a scale. This is due to the fact that when the 
scale is kept parallel to the length of the moving body the scale is 
moving along with the body. Hence the scale also contracts in the 
trection of motion by the same amount, making the contraction of 
the body undetectable. 
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I-*\j 1 - ~£Z (because it is parallel to V). 




Explanation of the Null Result by the Contraction Hypothesis: 

As we have seen in the theory of Mischelson-Morley experirrien 

(§ 1 . 20 ), 

Total time required by the reflected rays to come back to thi j* 

plate = = -== 

V c 2 - V 2 s1 

Total time required by the transmitted rays to come back to the ti 

P l3te = '2 = jj 

Now, according to Lorentz-Fitzgerald contraction hypothesis, a 
the length of the arm of the interferometer in the first case is | T 
(because it is perpendicular to VO whereas in the second case it is 

r 
e 

\ . t} _ 2 2i 1 

j ) c ' v " Hi 

r Time difference between the rays returning to the plate P i 

= Af = t 2 . fl = o. 

' Path difference between the rays returning to the plate P 

= Ax = 0. 1 

and hwcTtheoalh ^ r r ,erometer l hro ug h 9 °°. the time difference 
' shift in the Sh P diffelTe ^d W c°nm 2er °' Thus there is 

in the interference pattern. This actuallvl W ! H be n0 shl “ 
Morley experiment. ^ appened in Michelson- 

Thus the contraction hypothesis rn„u 

But there was no theoretical proof for this tvrf* 13 ^ lhe nUl1 rtSU 5 
i—yT . v oot tor this typo of contraction by the 

V'-f »"««» w„ „ ev „ obs ,„ e „ „ J.l 

2S35T " Pl ««. ^ hyr«.M 

1.2S EFFECT OF THE MOTION OF THE <tmiD/- c ~ ,<V 

OF THE LIGHT : 0URCE 0N THE VELOClT’ 

Towards the end of nineteenth centurv ;* , 
fcily Of light is c = 3 X 10» m/s r ml SU " eSted th#t | ? 

WBurce of light and not relative to the ether^u? 80 *,^ 1 **^ l ° * 

e einer - Using this assump 

^ * 'i _^_al _ 
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theories were developed and these theories are called 


Emission theories. 

P *rj J 


= fl 


\ If the source of light is moving with a velocity v s then accord- 
3 ing to the above assumption, the velocity of light would be varying 
^ to ,,from c - v s to c + v s , depending on the direction of propagation of 
light. * 

Now, in Michelson-Morley experiment, the source of light is 
kl< » stationary relative to the apparatus. Hence the velocity of light rela¬ 
tive to the apparatus is c in all directions. On rotating the apparatus 
through 90°, the velocity of light remains the same as before. Hence 
> D there cannot be any shift in the interference pattern. There cannot be 
°tany effect of earth's motion through ether, on the velocity of light. 
Case is Thus emission theories could explain the null result. 

e 'li Emission theories were not consistent with the Maxwell's electro¬ 
magnetic wave theory of light according to which the velocity of an 
electromagnetic wave depends upon the electromagnetic property of 
the transmitting medium and in vacuum it is always equal to c = 3 x 
10 8 m/s, whatever may be the motion of the source. According to the 
wave theory the motion of the source affects the frequency of light 
(Doppler effect) but not the velocity of light. The emission theories 
were rejected due to the following experimental evidences. 

i) Astronomical observations made by de Sitter on Double Stars 
(Binary Stars) prove that the velocity of light is not affected by 
the motion of the stars i.e. by the motion of the sources of light. 

ii) Michelson-Morley experiment was performed using sources of 
light lying outside the earth i.e. using starlight and sunlight. 
Due* to the motion of the earth in space, these sources are 
moving relative to the apparatus of Michelson - Morley experi¬ 
ment. But no effect of their motion on the velocity of light was 
detected in the experiments. 

1.26 INTERPRETATION OF THE NEGATIVE RESULT IN TERMS OF 

„ SPECIAL THEORY OF RELATIVITY : 

fcSW 

10 In 1905, when Einstein formulated the Special theory of Relati- 
' vity he discarded the idea of an absolute frame of reference attached 
, 'jJ ' t0 e ^ er by saying that there cannot be any unique, universal absolute 
frame of reference only in which the laws of electrodynamics would 
be valid. The laws of electrodynamics and all other laws of Physics 
should be valid and identical in all inertial frames of reference. As 
regards the validity of these laws all inertial frames are equivalent, 
er e is no preferred or privileged frame of reference in nature. 

all * ^ - We ^ ave seen ear *' er the laws of mechanics are invariant in 
inertial frames of reference under Galilean transformations but the 
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'ant Einstein found that th$ 
laws of electrodynamics are "° l "\ va " and not with the laws of 
fault lies with the Galilean l ' a " sf °"T n transformation equations by j 
electrodynamics. He replaced G ||ed |_ 0 rentz transformation 

set of new transformation equ transfo rmation equations are 

equations. He stressed that the inertial frames of reference 

the correct transformation equati - both should be inva. 

and all laws of mechanics antJ ^ransformations. 

riant in all inertial frames of reference under Lorent 

Einstein discarded the idea of ether aiso. As we have seen m 
§ 1.16 the concept of ether was introduced by Maxwe 1 and He tz in. 
order to provide a medium through which light and a s 

magnetic waves would travel. In 1905, Einstein imse . « \ 

the photon theory of light according to which light consists of ^ 
photons and not of waves. Hence there was no need of the medium 
k ether for the propagation of light. 

Einstein accepted the experimental facts about the velocity of 
Yight that it does not depend upon the motion of the source and the 
observer. It is one of the basic postulates of his Special theory of 
Relativity that the velocity of light in empty space is constant. It 
remains the same in all directions in all inertial frames of reference > 
and does not depend upon the motion of the source and the observer. *■ 

Thus according to the Special theory of Relativity, the velocity 
of light is c = 3 x 10 8 m/s everywhere on the earth. Relative to the 
apparatus of Michelson -Morley experiment the velocity of light is c 
in all directions. On rotating the apparatus through 90° the velocity 
of light remains the same as before. Hence there cannot be any shift 
in the interference pattern. There cannot be any effect of earth's 
motion on the velocity of light. Thus the Special theory of Relati¬ 
vity accounts for the negative result. 

Note : We have seen in § 1.18 that the velocity of light c in empty 
space does not remain the same in all inertial frames under Galilean 
transformations of velocity. We shall prove in the next chapter that 

he velocity of light, c remains the same in all inertial frames under 
Lorentz transformations of velocity."' 

1-27 th/vf iomvMTF ?itht ^ 7 ™ etra nsmitting medium on? 

THE VELOCITY OF LIGHT - FIZEAU'S EXPERIMENT : 

Aim of the Experiment: 

A ray of light is travelling in a liquid (say water! having 
xefractive index n. When the liquid is stationary the Velocity c* k 
|he ray relative to an outside observer is given by y 



Scanned by CamScanner 












Jl 


' S by 

3j 

J in v 

e ®n i 

'ect, 0 

u| ai« 

sts o 
5di Un 


'W 


Fig. 1.9 : A ray of light travelling In a flowing liquid 

Now, let the liquid be moving with a velocity v w relative to the 
same observer. If the liquid drags the ether contained by it along 
with itself then according to Galilean transformations of velocity, 
the velocity of the ray relative to the same observer is given by 


= c w ± v, 


'w 


= n ±v » 


...(1.17) 


Positive sign is taken when the liquid moves in the same 
direction as the ray of light and negative sign is taken when it 
travels in the opposite direction. 

Using electromagnetic wave theory of light, Fresnel obtained 
the following formula giving the velocity of the ray travelling in 
the moving liquid. 


= n ±Vw 


('•*) 


•0.18) 


The factor o-i) is called Fresnel's drag coefficient. In order to 

test which of the above formulae (1.17) and (1.18) is correct, Fizeau 
in 1851 performed the following experiment. 


Apparatus : 



I_ 


- -• 
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Fig. 1.10: Schematic arrangement of Flzeau's apparatus 
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The apparatus used in Fizeau’s experiment '* ln 

110 A beam o( monochromatic light of wavelength X from th, 
source S is made incident to a semisilvered glass plate P place at ay 
angle of 45° with the direction of the incident beam. T e earn ij 
partly reflected and partly transmitted in two orthogonal dire i ns. ^ 

The transmitted part of the beam travels in anti-clockwise dire, 
ction and after getting reflected from the mirrors M 3 , M 2 and M 3 
respectively it comes back to the plate P. 

The reflected part of the beam travels in clockwise direction and 
after getting reflected from the mirrors M 3/ M 2 and Mi respectively it { 
comes back to the plate P. , 

The rays returning to the plate P are reflected and refracted from 
the plate and travel towards the telescope T. They interfere with each 
other along their paths and interference pattern can be seen in the 
telescope T. 


Water flows through the tube as shown in Fig. 1.10. Hence the 
transmitted part of the beam travels in the direction of the water 
flow. The reflected part of the beam travels in the direction opposite 
to that of the water flow. 


Method: 


P 


Initially the water is kept stationary. Interference pattern is 
observed in the telescope T. 

Then the (low put on. Water is passed through the tube with 
high velocity v„. The transmitted part of the beam travels in the 

direction of the water How. According to Fresnel's drag formula 
(1.18) its velocity is given by ^ 


c 

n + v ' 


w 0 •*) 


Let us denote the drag coefficient, ^1 - ^ by d 


= ~+v w .d 


Let / be the length of the oath nf ih a u 
the total time required by the transmit ^ be3m each lube - Then 
lubes is given by V lransm '^d rays to travel in both the 

2 / 

v ~ 


£> 



. i i 
= v + i; = 


21 


c 

n + VC/ 


n 


m 
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effected part of the beam travels in the direction opposite 
to that of the water flow. Hence its velocity is given by 

v = 7i~ Vw ' d 

Total time required by the reflected rays to travel in both the 

tubes is given by 

2 / _ 2 f 

t2 ~ V ~ C , 

n ■ V " M 

NoW , , 2 is greater than t„ Hence the time difference between the 
reflected and transmitted rays is given by 


At = h - ti 
21 


21 


\ 


jj ■ v„.d + v w .d 

21 (n + Vw d ) ' 21 (n ' v '" d ') 

- T* 

2/.W + 21 . Vyy.d 


v w,d n 2 _ 

“ c 2 - v^.cfin 2 


The term v w 2 d 2 n 2 can be neglected in comparison with c 2 . 

4/. Vw.d./? 2 
At = ^2 

Path difference between the reflected and transmitted rays is 
given by 

A* = c.At = metre = wavelengths 

When the water is stationary, v w = 0. 

Initial path difference = Ax =0. 

When the water is flowing with velocity v W/ 

Final path difference = Ax= wavelengths. 

Shift in path difference = - y ^ d n - wavelengths 
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= c A, i 

, ^ naffprn was actually observed 

This shift (AN) in the interference patte 

and measured in Fizeau's experiment. 

AN :CX 

N0W ' d = 4/.V.A7 2 u . . 

Substituting the values of AN, c, X, h and n 9 

coefficient (d) was found out, coincides 

Result: The experimental value of the drag coefficient (d) 

with the theoretical value d = (l - £} Thus Fresnel's drag formula 
was found to be correct in Fizeau's experiment. 

Conclusion : If ether would have been dragged by the moving liquid 
then the velocity of the ray of light would be 

V = ^±v w 

In that case, the value of the drag coefficient would have been 

d = i. Since it comes out to be d = (l - ^z) experimentally, we 

conclude that ether is not at all being dragged by the liquid i.e. the 
moving liquid does not communicate any of its motion to ether 
lying inside or outside it. 

The velocity of the ray in the moving liquid changes due to the 
partial, drag imparted by the moving liquid as a moving medium. 

Problem : In Fizeau's experiment, the values of different measurements 
were as follows : 

X = 5300 A°, v w =7 m/s, /= 1.5 m, |i = 1.33. 

When water was set into motion a shift of 0.23 fringe was obser- 
ved. Find the value of drag coefficient. Compare it with its theory ,, 
deal value. * 

Given : X = 5300 x 10* 1 °m, v w = 7 m/s, 

I = 1.5 m, n = p = 1.33, AN = 0.23 fringe, d = ? •- 1 

Solution : 

AN.cA _ 0.23 x 3 x 10 8 ,x5300 x IQ' 10 _ Q a92 ] ' 

4/.v lvl /? 2 4 x 1.5 x 7 x (1,33) 2 

1 
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Theoretical value of d = 1 - 


= 1 - 

= 1 - 


1 


(1.33)* 

0.5652 = 0.4348. 


1 . 


2 . 

3. 

4. 

5. 


QUESTIONS 

inertial frame and non-inertial frame 
in each case. (B.U. April 1986, May 


of reference. Give 
1990. Oct. 1992; 


6 . 

7. 


8 . 

9. 


Explain what is an 
suitable illustration 
May 1993) 

Derive Galilean transformation equations. (B.U. Oct. 1991) 

What is an invariant quantity? Show that the distance between two points in 
space is invariant under Galilean transformations. 

Derive Galilean transformations of velocity and acceleration. 

What do you mean by invariance of a physical law? 

Show that the Newton's laws of motion are invariant under Galilean 
transformations (B.U. Oct. 1991) ... , 

Show that the Principle of conservation of momentum is invariant under 
Galilean transformations. 

Momentum is conserved in collision of two objects as measured by an observer 
on an uniformly moving train. Show that the momentum is also conserved for an 
observer on the ground. (B.U.Aprii 19 ) 

Explain the ether hypothesis. . . . 

Show that the following wave equation of Electrodynamics is not invariant 

under Galilean transformations. 

a** a 2 * a 2 * i a 2 * 
a7 + aj? + a?"?ai 


& ■ 


0 


12 . 


13. 


14. 

15. 


16. 


17 . 


18. 



10 Explain the idea of Absolute frame of reference. 

11. Describe Michelson - Morley experiment. Why was this expenment performed? 
What was the result obtained? / B,U ‘ , . ' ' 

Describe Michelson - Morley experiment Derive the necessary formiMa Ex^lam 

the significance of the negative result. (B.U. May 1980, Oct. 1983, April iya:>, 
Oct 1989 April 1991, Oct. 1991, Oct. 1992) , , . 

Describe Michelson - Morley experiment to determine the speed of earth Jh^ough 
ether Obtain expression for fring shift Explain the significance of the null 
result. (B.U. May 1982, April 1983, May 1994) 

K aberration on the basis 

raafsicaftheoToHight » " m ° VC 9 

»BiS85«a5jgB8S^ 

19. How was the null result explained in P r ®" r ^ at '^Jjmpnt exDlained by emission 

20. How was the null result of Michelson -Morley P re j ectec j ^ (B.U. April 1983) 

theories? Briefly explain why this theory ho d ) h eX p er j me nt 

21. Describe Michelson-Morley experiment. Explain how thejesult 

can be interpreted in terms or the special theo y ^ y Ap r || 1984 & 1989) 

22. Describe Michelson-Morley Experiment. De ^ e t ^ 

shift expected. How does special theory of relativity (B .u. Oct. 1984) 

result of Michelson-Morley experiment? . ' ronc |usions? 

23. Describe Fizeau’s experiment. What are its resu ,037 April 1988, Oct. 1993) 

(B.U. April 1986, Oct. * 


Scanned by CamScanner 










. ■ — ~ 

24. 


25. 


26. 


™ . , . ---iim; 

a) State Fresnel's partial drag hypothesis. What is Fresnel's drag coeff*^^ 

b) Give an account of Fizeau's experiment to determine the Fro, IC ' en t? 

coefficient. (B.U. April 1 985, Ar! e -| S dra 

Show that the result of Fizeau's experiment lead to the conclusion that 
object does not communicate any of its motion to ether inside or ouNirt ^vin 

(B.U. April 1984, April 1986, 


/ 


Write notes on the following : 

i) Michelson-Morley experiment. (B.U. May 1989, May 1990, Oct 1990 

ii) Ether-drag hypothesis and Steller Aberration. ( B.U. April 1 997 0ct 
*'•) Loren tz- F it z g e r a I d contraction hypothesis. (B.U. April 1991,Oct 

iv) Fizeau's experiment to determine Fresnel's drag coefficient. (B.U. May 19 

FOOD FOR THOUGHT V " 3) 

^, b *? lute s P ace ' b y its own nature, without relation to anythina extPm^i 
always same and immovable. y,ng exte ™ al > remains 

* * 4 < 4 < * ' lsaac "m«, 

Absolute, true and mathematical time, of itself, and from its ™.„, „ . 
equably without relation to anything external. nature, flows f 

* * * 4. 41 ' ° 0C 

' another 6 absolute plact = b ^«e place 

perceived only in ?he form of 2 S& relSfo othermS^oX'r * 

* * * * * * l5GaC Nm0n 

only "ike^^jTplayin^on ^^se^shore^n^d^vert' 3 mySdf ',/ eem t0 have been i 
finding a smoother pebble or a pre°t er sh P M Th.n 9 7 ysJf In now and then 
ocean of truth lay all undiscovered Wre me h ordmar y' wh 'bt the great 

* * * * * * Isaac Newton 

we have strong reaso^^condudTthat Hah? th f 1 of (i 9 ht that it seems 

other radiations if any) is an eiectromainS^ h- S ? ( |ncludin g radiant heat, and 
propagated through the electromaanpri^l-ic disturbance in the form of waves 
laws. y e| ectromagnetic field according to electro-magnetic 

* ^ - James Clerk Maxwell 

But the foundation of electromannpUr ^ 

system must be given preference 9 nampiu^* taught that a particular inertial 
...... Since the special theoryof \eSll' that ? f > e luminiferous ether at rest 

all inertial systems, it proved the uSp/ShTf Vea, * ed L the P h y s 'cal equivalence of 
rest. It was therefore necessary to m?™? b ‘ lt y, of th e hypothesis of an ether at 
f ie,d ls be regarded as a state of matS the - idea lhat the electromagnetic 
irreducible element of physical desrrXn • Ca T ier : The field thus becomes an 
concept of matter in the theory of Npwt,? 0 ' lrreduc 'hle in the same sense as the 

y ^ N ewton. . Albert Einstein 

In view of the more recent devplnnml ? %• 

more and more evident that dassirai ^ 0 u e ^ trod y namics and optics it becam® 
tion for the physical description of d I ?l! cha l nic l s aff ords an insufficient foundJ,., 

Puon of all natural phenomena. - Albert Einstein J 

All our attempts to make ether real f ai i L T v j 

construction nor absolute motion Noth U revea 'ed neither its mechanic® 

ether except that for which it w? P „ 9 remained of all the properties of W* 
electromagnetic waves. Our attempts to H Cnted ' i e - its ability to transmit 
difficulties and contradictions After properties of ether led . 

to forget the ether completely and to tr^ nJ 5 ^ ex Periences, this is the momen 
our space has the physical propertyo/^! e -^° ment ion its name. We shall 
a word we have decided to avoid y tran5 mittinq waves, and so omit the 

- Albert Einstein a Leopold 

(Evolution of Pby 
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Einstein's 
Special Theory of 
Relativity: 


Relativistic Kinematics 


1 . 




"Enough of this, Newton, forgive me; you found the only way 
which, in your age, was just about possible for a man of highest 
thought and creative power. The concepts, which you created, are 
even today still guiding our thinking in Physics, although we now 
know that they will have to be replaced by others farther removed 
from the sphere of immediate experience, if we aim at a profounder 
understanding of relationships". 

- Albert Einstein 

In this chapter we shall formulate the Special theory of 
Relativity and develop relativistic kinematics. The Special theory of 
Relativity was put forward by Albert Einstein in 1905. It is founded 
on tWo simple postulates which are as follows: 

2.1 BASIC POSTULATES OF THE SPECIAL THEORY OF RELATIVITY : 

1. Principle of Relativity : All the laws of Physics are invariant in 
all inertial frames of reference i.e. the equations representing the 
laws of Physics should have the same form in all inertial frames of 
reference. 

2 . Principle of Constancy of the Velocity of Light: The velocity of 
light c in free space is constant. It remains the same in all directions 
in all inertial frames of reference. 

Explanation : 



In 1905,^Wfien Einstein formulated the Special theory of* 
Relativity he discarded the idea of an absolute frame of 
reference attached to ether by saying that there cannot be any 
■ Unique , universal absolute frame of reference only in which the 
laws of electrodynamics would be valid?) The laws of electro¬ 
dynamics and all other laws of Physics should be valid and 
identical in all frames, at least, in all inertial frames of 
J. e fGrence. In other words,{all the natural laws of Physics should, 
be invarian t in all inertial frames of reference. fP r -lb i s jurpos e 


M 
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Relativity 


it becomes necessary that^Tequations epresent ng the aws^of 
Physics should retain their form under co-ord nate 
lions from one inertial frame to 

validity of the laws of Physics, all inert,al frames are equ,^ 
valent. All of them have the same status, there is n p 
privileged frame in which certain laws woul e va . 

<Sjj)fThe description of a physical event is always r^iative and varies 
from one inertial frame to another. Even the values o P ^ 
quantities may change from frame to frame. But the na ura . 

Physics should be invariant in all inertial frames of reference,} mis is 
the basic philosophy of the Special theory of Relativity^ a 
physical law is found to be not invariant then it has to be modified 
and generalized so that it becomes invariant in all inertial frames. 

2. As we have discussed in the first chapter, the velocity of light 
is not invariant under Galilean transformations, i.e. for different 
observers in different states of motion, the velocity of light 
comes out to be different. According to Emission theories of ' 
Newtonian Relativity the velocity of light emitted from a 
source depends upon the state of motion of the source. 

These theoretical conclusions have been contradicted by the 
experimental results. Michelson-Morley experiment shows that the ' 
velocity of light is not affected by the motion of the observer. The 
experiments on Double Stars indicate that the velocity of light does 
not depend upon the state of motion of the source. Einstein accepted 
all these experimental results and came to the conclusion that the 
velocity of light c in free space is constant and has the value c = 3 x 
1 0 8 m/s. It remains the same in all directions in all inertial frames of 
reference and does not depend upon the motipn of the source and the 
observer. This becomes the second postulate of the Special theory of 
Relativity. 

Remark : The second postulate of the Special theory of Relativity can 
be considered as a corollary of the first postulate. The arguments are 
as follows: 

(jhe propagation of light in the space is governed by the laws 
and the equations of electrodynamics formulated by MaxwelQ’ 
According to the first postulate, these laws are invariant in all 
inertial frames of reference. Hence these laws and the equations 
remain the same in all inertial frames of reference. This immediately 
implies that the velocity of light should remain the same in al . 
inertial frames of reference. Thus second postulate is a corollary 0 
the first postulate. 
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22 SEQUCN^ OF FURTHER DEVELOPMENT: 

We observed in the first chapter that the laws of Mechanics are 
i variant in all inertial frames of reference under Galilean 
t?ansformatk>ns but the laws of Electrodynamics are not invariant in 
in'inertial frames under Galilean transformations. According to the 
first postulate of the Special theory of Relativity, the laws of 
electrodynamics also should be invariant in ail inertial frames. Hence 
either these laws are wrong or Galilean transformations are faulty. 
Now, the laws of Electrodynamics have been verified experimentally 
and are well established laws of Physics. Hence Einstein came to the 
conclusion that the Galilean transformation equations are not the 
correct transformation equations for inertial frames. He began a search 
for some new transformation equations. 

In 1905, Einstein found that such transformation equations were 
/readily available. H.A. Lorentz had devised them in 1904 while 
developing his classical theory of electrons. They are now called as 
Lorentz transformation equations for historical reasons. An important 
characteristic of these transformation equations is that all laws of 
electrodynamics are invariant under them. Hence Einstein considered 
Lorentz transformation equations as the correct transformation 
equations for inertial frames of reference and they should replace 
Galilean transformation equations. Einstein stressed that the laws of 
Mechanics and Electrodynamics both should be invariant in all 
inertial frames under Lorentz transformations, as required by the first 
postulate. 

—This development led to another problem. The laws of 
Electrodynamics are invariant under Lorentz transformations but the 
laws of Mechanics are not invariant under Lorentz transformations! 
Einstein observed that there are discrepancies in our fundamental 
concepts of space, time, simultaneity and mass which are responsible 
for the non-invariance of the laws of Mechanics. According to 
Newton these quantities are absolute and remain the same universally 
in all inertial frames of reference. Einstein studied these concepts 
critically and found that in reality they are not absolute but relative 
i.e. their values are different in different inertial frames of reference. 
He revised (i.e. modified) these concepts and accordingly 
generalized the laws of Mechanics so that they would become 
invariant under Lorentz transformations. 

In what follows, we shall present the revision of the concepts 
°f space, time and simultaneity. (We shall study the revision of the 
concept of mass in the next chapter). Then we shall derive tne 
Lorentz transformation equations in the light of the revise 
°f space, time and simultaneity as Einstein did in 1905. 
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_ _ zzsrn: 

2.3 COMMUNICATION BETWEEN TWO FRAMES OF REFERENQ 
MOVING RELATIVE TO EACH OTHER : 

You must have observed that when lightning occurs in the 
we see the flash of light first and hear the thundering sound after j 
small interval of time. When a cracker bursts out at a large distant 
from you, you must have experienced the same sequence of the flash 
of light and the exploding sound. You know the reason for this vei) 
well. The velocity of light is c = 3 x 10 8 m/s whereas that of sound j$ 
about 350 m/s only. Hence although light and sound are produced at 
the same moment the rays of light reach you faster than sound waves 
because the velocity of light is about 10 6 times higher than that ol 
sound. You must have realised that we can transmit the information 
through light rays at much faster rate than sound waves. 

Light and other electromagnetic waves travel in empty space 
with the highest velocity available in the universe, viz. c = 3 x 10® 

7 s * Hence in Relativity we shall use the electromagnetic waves ■ 

qenera^anv ‘° me ^e, any information “ 

genera, any signal from one inertial frame to another inertial frame 

irrespective of their states of motion. fames of reference 

through 9e , t he he ,iqt rm ravs n °I *" happenin ? s °ur surroundings 
instantaneously? No Never' We arT ?,* ttln9 the information 
after a lapse of timeZreL^l "^Setting the information only 

some time, though very smaTto TT ra * s do 

place because the velocity of liaht r*K ° ne i place t0 another 
high It Is not Infinite iMhe v 9 ^citv nf' n .- e K. Alth0u 9 h il * very 
infinite a ray of light would travel al oarts 'f WOuId have been 
time. This does not happen in realitv wi ? f 0ur univers « in zero 
in nature to transmit the signals with ? ot . hav * a ny other way 
velocity c. Hence instantaneous transmission* TY hi 9 her than this 
place to another place and from one^f 0 ° f the si 9 nal from one 
impossible in nature. Thl, | I°" e ' r . 3 ™ ‘o another frame » 
simultaneity, time and space. ' 9«nesls of th e re | atMty 0 I , 

REVISION OF THE CONrcoTc - 

NErrY: F time and simulta* 

Relativity of Simultaneity ; j 

A and B are two points nn 

targe distance between them, c Is th^m!!^ near a ra ^*y track it * 

^ midpoint of AB. [Fi£. 2.1] 

. ’ • ' ^ 
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Two flashes are given out, one from the point A and another 
from the P oint B - The observer located on the ground at C finds that 
the flashes are occuring simultaneously. 



Rg 2.1 (a) The flashes are simultaneous for the observer at C and C' 

(b) The flashes are simultaneous for the observer at C but not'for the observer at C' 


When the train is at rest [Fig. 2.1 (a)], the observer in the train at 

C, coinciding with C also finds that the flashes are occurring 
simultaneously. 


The train then starts moving. When it is moving with uniform 
"near velocity V relative to the ground [Fig 2.1 (t?)] again the flashes 
ere given out in the same manner so that they are simultaneous for the 
observer at C. Now, the observer at C' in the moving train observes 
et the flashes are not occurring simultaneously, the flash from the 
Point A occurs earlier than the flash from the point B. This happens 
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because the light rays emitted from A reach the observer at C earlk 
than those from B. 

* 

Thus although the events are simultaneous for the observer 
the ground, the same events are not simultaneous for the observer j n ]/ 
the moving train. 

This experiment leads us to conclude that two events occurring 
at different points, which are simultaneous for one observer, are no| 
simultaneous for other observers in different states of motion i.e. jq 

different frames of reference. Hence simultaneity is a relative 
concept. 

Relativity of Time : Relativity of simultaneity leads to the relativity 
o. ll ™ e ? ecause in 3,1 measurements of time we use the idea of 
simultaneity. For example, when one says : "That train arrives here at 

! Lh C k ' ! l ™ ans u tha \ th * Pointing of the small hand of clock to 7 
i) and the arrival of the train are simultaneous events. 

^ different W Do1nK ° f simultaneit ^ th * events occuring at 

arp nn P 0, " ts ' wh,ch are simultaneous in one frame of reference 

station either before or after 7 oVlnrt r/t ^ the train reached the 

of arrival of the Uain is 7 o'clock or^h p n °K 31 7 °' Cl ° Ck - The 

whereas it is different from 7 o'clock for ih^*' Z* ° n the plat,orm ' 
frame of reference. - om ' 0 clock for the observer in the other 

frames in d^fftrent states^ moUon eIcM ^"h ‘ S different for the 
local time. Hence time is a "lative '* 0Wn Particul " 

V/ 1 T 

Two persons, one blind (i e eves nm l- 

and another deaf (i.e. ears not worWno bul e^'" 9 ^ MrS workin 9> 

side by side. One cracker bursts out at a la yes , W0,kin<: J) are silting V 

Each person has some push-button arrant F ^ e dlslance from them. 

corresponding instant of time is recorded 1 ^?, 1 ' When 11 is pressed lhe 

- instructed to record the time at which -ho , P ersons have been 

it dutifully without making any personal errnr^M explodes - The V do 

Will the time recorded by them be the sam»?^° W lhe question is j 

easily that the time recorded bv th P H P .r „ e ’ You can understand 

information through light rays) is earlier fi?,” 0 ?, (Who is qetlin 9 lhe 

a a y 7 is earlier than that recorded by the 
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blind person (who is getting the information through sound waves). 
Thus the time of occurrence of an event can be different for the 
observers lying in the same frame of reference! 


Now, which is the correct time at which the cracker exploded? 
You will say that the time recorded by the deaf person is correct No. 
The explosion has occurred actually little earlier than this time 
because the light rays emitted at the time of explosion do require 
some time to travel from the place of the event to the observer. 

Illustration II : 



Fig 2.2 Time of ringing of the bell measured by three observers. 

There are three observers A, B, and C, each carrying a watch on 
his wrist. They n, st near the bell and synchronize their watches with 
each other so that they read exactly the same time. 

The observer A stands near the bell. (Fig 2.2). The observer B 
stands at a place lying at a distance 350 m from the bell. (We assume 
the velocity of sound to be 350 m/s in air) The observer C stands at a 
place lying at a distance 700 m from the bell. They look into their 
respective watches and nowhere else. 


The bell is given out at one stroke. When these observers hear 
the bell they record the time instantaneously. 

Again they come together near the bell. There is a dispute about 
the time at which the bell was rung! 


A says : "It rang exactly at 9 a.m." 

B says : "It rang at 1 sec. past 9 a.m." 

C says : "It rang at 2 sec. past 9 a.m." 

You can understand why the time of occurrence of a single event 
If different for these observers. Actually the bell was rung a • • 
h® sound waves produced at that time took 1 seco 
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throuah a distance of 350 m and reached the observer B. Hence f 0l 
the observer B the bell rang at 1 sec. past 9 a.m. The sound waves 
look 2 seconds to travel through a distance of 700 m and I reachedthe 
observer C. Therefore for the observer C the bell rang at 2 sec. past 9 y 
a.m. 

Whatever is true for sound waves is true for light waves also. If 
the observer B stands at a distance of 3 x 10 8 metres i.e. 3x10 km 
from A and looks into the watch of A he would find that the watch 
of A reads a time which is 1 second behind the time shown by his 
own watch! The rays of light starting from the watch of A at an 
instant take 1 second to travel from A to B and reach the observer B 
after 1 second. Hence B finds that the reading of the watch of A is 1 
second behind that of his own watch. 

Thus time can be different for the observers located at different 
places even in one frame of reference. 

We get the information of all the happenings in our surround¬ 
ings through light rays. We are getting the information only after a 
lapse of small interval of time during which the light rays travel 
from the place of event to our eyes. How can there be one absolute 
universal time of occurrence of an event which would be the same for * 

all observers as Newton had thought? Hence we conclude the i 
following : 

Time is a relative quantity. It is different for different observers 
located in different frames of reference. Each frame of reference has 
its own particular local time. 

Relativity of Space : Relativity of simultaneity leads to the relativity 
of space also because in all measurements of space we use the idea of 

CrTtically lty ' ^ “ S inveSt ' 9a,e our P rocess of measurement of length 
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Fig. 2.3 Measurement of a length 
When we measure the lenath nf ^ „„ 

WM A ‘° C ° indde With divisio^^^nbme^S 
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Z ciai Theory of Relativity 

^ ' other end B coincides with some division of the scale, say, 

T u hei elision of 5th cm. Hence we say that the length of the object 
th a •< scm if when the end A coincides with zeroth division, the end 
* B ' Kt c0 incide with the division of 5th cm. i.e. coincidence of the 
6 , A w -,th zeroth division and the coincidence of the end B with 
division of 5th cm are simultaneous events. [Do you remember the 
p r S of measurement of the length of a moving fish discussed in 

fhe first chapter? (see § 1.7, Fig. 1.4). In that case a,so u we , have . se t en . 
that to measure the length of the moving fish its head and tail 
should be located on the scale simultaneously, at the same instant t.J 

Now, due to relativity of simultaneity, the events occurring at di- 
ffprent points, which are simultaneous in one frame of reference, are 
not simultaneous for other frames in different states of motion. Hence 
when the observer in the frame S says that the length of the object 
AB is 5 cm, for him these two coincidences are simultaneous but for 
the observer in the frame S’, the same coincidences will not be simul¬ 
taneous and he would say that the length of the object AB is not 5 
cm The length of the object is 5 cm for the observer in the frame S 
whereas it is different from 5cm for the observer in the frame S. 

Thus the length of an object is different for the frames in 
different states of motion. Each frame has its own local value of the 
length of an object. Hence space is a relative quantity. 

2.5 LORENTZ TRANSFORMATION EQUATIONS OF SPACE AND TIME 

COORDINATES : 



Fig. 2.4 Two inertial frames of reference in relative motion 

' Let us consider two inertial framesj ofj^jei£II^ ^ $ a | onq 

frame S' is moving with uniform linear velocity V re a 
"•axis so that X-axis and X'-axis coincide with each other. 
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When the origin O' coincides with O momentarily the stop, 
watches are put on in the frame S and S'. Hence at that instant, ft 

5' 


f =0 for the frame S and 

t' = 0 for the frame S'. 

At the same instant a flash of light is emitted from a source 
situated at the coinciding origins. The light rays travel with the 
same velocity c in both the frames in all directions according to the 
second postulate of the Special theory of Relativity. 

The progress of a ray of light is described relative to the frame S 
by the equation, , 




W 1 


c.f = V* 2 + y^+z 2 

2 t 

.*. X 2 + y 2 + z 2 . c 2 t 2 


•\ C 2 f 2 = y2 4 . v 2 j_ 7 2 


+ y*- + z l 

0 ... ( 2 . 1 ) 

by the^uatfon, 55 ° f *** * described relative t0 the frarr| e S' 


c.C = Vv^ + y 12 


.'2 


c 2 f 2 = 
z’ 2 - c 2 t' 2 = 


+ z 

x ' 2 + y * 2 + z ' 2 
0 


'■2 


f / 2 + _ 

With velodtVrlVq'xTxis r/V?™ the ° n9in is 

in time f is given by 9 ? d “ Unce COvered b V «« origin O' 


% 


= Vt 


x - Vt = o. 


Relative to the frame S' the orirpn rv ^ . 

equation, ^ A characterized by the 

/ = 0 

The equations, x'= 0 and x - Vt - n „ 

characterizing the origin O' with respect to ,L ! ta ?f° US ec i uations 
S respectively. eSpect t0 the fram « s and the frame 


...(2.3) 


.-. it = y(x - Vt) 

* * i 

where y is a constant to be determined. 

Relative to the observer in the frame S' ^ 

with velocity -V along negative X'-axis The'/? ° ri9 ' n ° m ° vi " 9 
origin O in time f is given by 'stance covered by the 

Jf‘ = -Vt .-. x'+ Vt 


\ 


= 0. 


Relative to the frame S the oriain o is rh»,,„ • 
equation, z= 0 9 characterized by the ^ 
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'6 The equations x = 0 and x' + W = o are stm..n»n» 

! ~5£2T 0 * " sp "' “ •» >5 ws 

.-.x = y (x*+ vc) 


\ 


where V is a constant to be determined. 

Using equation (2.3), this equation can be written as 

x = y[Y(x- W)+ Vtl 
= rfx-rfvt + ive 
y VC = x-y fx + yfVt. 

X r[x yfVt' 

IV ’ iV + iV 


C 


= yt + 


x 7 x 


yv v. 

■ W *] 


= Y 


...(2.4) 


Since there is no relative motion along Y and Z - axes and since 
X and X' - axes are coinciding, 

y* = y, * = z 

Thus we have the following transformation equations: 

V = y (x - vi), y 1 = y. ? = *■ 




We have to find y and y. For this purpose, we shall transform the 
equation (2.2) into the equation (2.1) using these transformation 
equations as follows: 

The equation (2.2) is 

y 2 +y 2 + t 2 - c 2 c 2 ® 

y 2 (x- vt ) 2 i-yt + z 2 ' 1 j 

••• y 2 (x 2 - 2xVt + V 2 * 2 ) + y 2 + z 2 


= o 


V. 

' 




= 0 
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Y 2 * 2 - 2xVt? + i 2 V 2 t 2 + y 2 + z 2 - c 2 ft 2 

£W/L.,y 

‘ V U T M* J 


x z 


-2xf 


[^(HF 


+ 2 l 




t 2 [fv 2 - c 2 f] 


Comparing this with equation (2.1) viz. 
x 2 + y 2 + z 2 - c 2 t 2 = 0, 

^(H 

y 2 V 2 -c 2 y i = -c 2 

Simplifying equation (2.7) we get 

Y 2 ^ 2 - c 2 ) = -c 2 

- C 2 c 2 


^ 1 


= 0 


Y 2 


Y 


V 2 - c 2 
1 


c 2 - V 2 


V 


r 5 * 


Taking equation (2.6) 


= 0 

As we have seen above, y * 0. 

• 

a 

• 

+ 

57^ 

i 

= 0 


= -V. 

w ■ 1 
ft 

1 

II 


= 0 


= 0 


...(2.5). 

...( 2 . 6 ) 

...(2.7) 


1 

1 ‘ F 
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Thus we have, 7 = 7* = 




Hence equation (2.3) becomes, 
x 1 = . (x - Vt) = 


x- Vt 


V 1 

Taking equation (2.4), viz. 
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...( 2 . 8 ) 


These are the so-called Lorentz Transformation equations for 
space and time co-ordinates. 

2.6 REDUCTION OF LORENTZ TRANSFORMATION EQUATIONS TO 
GALILEAN TRANSFORMATION EQUATIONS FOR SMALL 
VELOCITIES : 

Lorentz transformation equations are 


x’ = 


x- Vt 




/ = y, z' = z, t' = 


Vx 


V 77 ? 


* 9 


In Classical Mechanics we deal with the frames of reference (e.q. 
a railway carriage, an aeroplane etc.) which have velocity V much 
less than the velocity of light c. 


i.e. V « c, 
V 2 

Hence 


4 «, 


"? b ecome s negligible in comparison with 1. Even ^ 
reduceTo 0 " 165 ne9li9 ' ble com P arison w ''th t. The above equations 

x' = x - Vt / = Y> z' = z, t' = t 

These are nothing but Galilean transformation eauations of 
Newtonian Relativity. Thus Lorentz transformation equations reduce 
to Galilean transformation equations for small velocities. \ 

This is one of the most beautiful features of the new theorv The 
Special theoiy of Relativity does not overthrow the Classical Physics 
but it is rather a refinement of Classical Physics for velocities , 

SoTlhounh. Nn e )° CUy °' C (l " this connection refer to 
Food for Thought No. 6, given at the end of this chapter). 
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x- vt 


y = 


INVERSE LORENTZ TRANSFORMATIONS: 

^ lorentz transformation equations giving transformations from 

jtheframeS’toSarc 

...(2.9) 

...( 2 . 10 ) 
...( 2 . 11 ) 

...( 2 . 12 ) 




V 2 


/ = Y> 

t = 1 


Vx 
t - 


X 


4> v 

o 


a = 



1 - 


We shall obtain the equations giving transformations from the 



Taking the equation (2.12), 

Vx 

f 


i.e. 


-a 


W 

7Z 




~yl Vx 


= t 


/ V L V 

= r 1 ■ + e 

•*. Equation (2.13) becomes, 


+ VT 



x = 

“ x ( 1 'f) = a / 1 ^ + 
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r*t* ** 


x*+ W r 

■ vr? 

ii) Equation (2.10) can be written as 

y - y 

iii) Equation (2.11) can be written as 

I 

Z = 2* 

iv) Considering equation (2.12), 

, Vx 

i.e. t' = -— 


Vx 

F 


f 



Vx 


By equation (2.13) this equation becomes 


1 _ r V , 'F * w.j 



. r.$) 


f - 

Thus we have 

x'+ IT 





X = 






* = z' 


f + 


lOr' 


n 


are 


*=se «- * 
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frame S Is moving with velocity -V relative to the 
Sm<* !" e q Ua tions can be easily obtained from Lorentz 
fr^ e 5 a !jon equations by substituting -Vfpr V'and interchanging 
of S pace and time co-ordinates. 

^tpACE-TIME RELATIONS: 

18 conversion of space Into time (or Relativity of simultaneity): 

^ C f ,,c consider two events occurring at the same instant t but at 
. Cerent points (*, yi, zi) and (x 2 , y 2 ,z 2 ) respectively relative 

t<? th \A/p shall investigate what happens in the frame S’ which is 

. with uniform linear velocity V relative to S along X-axis. 

; moviny ^ 


By Lorentz transformations. 


V = 




For the first event. 


ti = 


, Vxy 




' 


For the second event, 


t; = 


VX2 


I -^ 

V 1 


You can see easily that t\ * t' 2 because x-\ and x 2 are different, i.e. 
the two events are not occurring simultaneously relative to the frame 
•S' although they are simultaneous relative to the frame S. Hence / 
simultaneity is a relative concept. (Do you remember, we have arrived 
at the same result qualitatively "in § 2.4 under the heading Relativity 
of simultaneity"?) 

The time-interval between the two events as measured in the 
frame S' is given by 


*2-<i - 


Vx 2 


Vx-\ 


Vr? vn 


TP 

7 

Vx 2 
-?" + 


TP 

7 


Vx\ 

7~ 


£ z (*1 * * 2 ) 


Vr 


TP 

7 




TP 

7 
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---- - j ff 0 rpnce in space positions m 

This expression shows that 1 ® nsib | e f or the time different, / 
the two events In one ,r « me (h £ r frame . i.e. space difference | h / 
between the two events in the oine 

converted into time difference. same instar/ / 

« x, = * 2 then f, = f 2 i-e. * two even^ occur aU ^ ^ I, „„ 

and at the same point relative to th f at different point, J0 

simultaneous in the frame S also. But ' j n the f rame j 

in the frame S then they will never ^ "~*X erte d int0 tira , 
because the space difference in one frame is converi 

difference in another frame. 

II) Conversion of time into space : 

Let us consider two events occurring at the same point (x, y, 2 ) 
but at two different instants of time ti and t 2 respectively relative to 
the frame S. We shall investigate what happens in the frame S. 

x- Vt 


By Lorentz transformations, x' = 


) 


For the first event, 


For the second event, 


*1 


*2 


V 2 ' 

F 

x- Vt-\ 

IP' 
■? 
x- Vt 2 

F? 


F 


F 


(Of 

Hei 

si* 

dir 

by 

exi 

% 

eq 

co 


tide 

I 

m 


You can see easily that x 1 , * V 2 because t, and t 2 are different. 
i.e. the .wo events are not occurring at the same point relative to the 
rame S although they occur at the same point relative to the frame S.’ 

The distance between the two events in th P * V1 • 

as measured in the frame S' is given by e ction of X -axis 


*2 -*i = 


x-Vt 7 



x- Vt\ 


1 - 


= - W 2 + Wi 



r" r e r ce b «™'"«■» 

positions of the two events in the nth. he differ ^ce in the spa* 
converted into the space difference. rame ' ie - time difference > 


t 




■ 
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If h = *2 then *1 = x 2 l e - if the two events occur at the same 
P % point and at the same instant relative to the frame S then they will 
occur at the same point in the frame S' also. But if they occur at 
*ri»i different instants in the frame S then they will never occur at the 
Wn, same point in S' because time difference in one frame is converted 
; 'Jj int0 space difference in another frame. 

% MINKOWSKI'S FOUR - DIMENSIONAL SPACE : 

0 ti, In Newtonian Relativity the position of a point in space is 
described by three co-ordinates (x, y, z). Hence the space is 
considered to be three-dimensional. Moreover space is^jcontinuous. 
Hence we say the space is three-dimensional continuum.^ln geometry 
^ such space is called Euclidean space. Thus Euclidean space is three- 
,v * dimensional continuum. In Newtonian Relativity, "time is absolute 
by its very nature flowing uniformly without reference to anything 
external "i.e. time does not depend upon the space co-ordinates (x, y, 
*z). This is very clearly demonstrated by the Galilean transformation 
equation for time, viz. t' = t. Due to this, we are accustomed to 
consider time as an independent continuum. 

Special theory of Relativity eliminates this special, indepen¬ 
dent status of time. This is demonstrated by the Lorentz transfor¬ 
mation equation for time, namely, 


t' = 


Vx 


irenl 
o tl> 
neS 

'.a i 


F 


v 2 

F 


The equation shows that time V depends upon the space co¬ 
ordinate x. 

As we have proved in the previous section, the space difference 
in one frame is converted into time difference in another frame and 
time difference in one frame is converted into space difference in 
another frame. Hence in Special theory of Relativity, space and time 
are intimately and cohesively connected with each other. Moreover 
they can be converted into each other during co-ordinate transfor¬ 
mations from one frame to another frame. 

In 1908, H. Minkowski suggested that the world of physical 
Phenomena is four - dimensional and the events occurring in this 
world are described by four co-ordinates (x, y, z, t). The time co- 
ivv* °rdinate t is not independent of the space co-ordinates ( x, y, z). It is 

^ ^^^d ar| d equivalent to the space co-ordinates. It plays the 
—* * co-ordinates 

space. 


e 


*jme role as the three space co-ordinates. Even the space co-or 
^Pend on time co-ordinate. Such space is called Minkowski 
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Thus Minkowski space is four-dimensional space-time continuum. 
shall study Minkowski space in more detail in chapter V. 

In Newtonian Relativity the world consists of three-dimensional. 
Euclidean space whereas in Special Relativity the world consists of^ 
four - dimensional Minkowski space - time. 

2.10 INVARIANCE OF THE WAVE EQUATION OF ELECTRO. 
DYNAMICS UNDER LORENTZ TRANSFORMATIONS : 


The electro-magnetic wave equation is 

d 2 ^ 8 2 <J> 1 0 2 <J> 

3* 2 + 3^ + d2? ' c* 3t 2 = 0 

where <}> is scalar potential which is a function of x, y, z, and t. 

In § V.17 of the first chapter, we have seen that this equation is 
not invyiant under Galilean transformations. We shall show that it 
is invariant under Lorentz transformations in what follows. 

i) Using the chain rule of partial derivatives, i 


34> ^ 3<t> dx' 00 dy' d± dz^ 00 0£ 

dx ~ dx' ' dx + dy' ' dx + dz' ' dx + dt' ’ dx 
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H» [° • ?] r-TB 


V^ L . 




a$ = 

ax ^ 


a_ 

ax 


,-p= + ?,xo3xO + ^ 

ay az' at' 

i ra£ v a$] 

r~ip Lax' ’ ? at'J 

V 1 "? 

i ra v an 
[TIP Lax'' <? afj 

V 1 -? 




xF 


F 


(2.14) 


ii) 


d4» 


3<t> 

ax; 

' a<}> 

■ +— . 

a/ a^ 

ay 


ax' 

ay 

ay' 

ay 

• az' 

Now, 

ax' 


' A. 

x-Vt "| 


ay 


dy 

w- 

■?J 






i | 

rax 

v 3_Ll 




V 

i.gl 

Lay 

‘ v ayJ 




& 


1 

az' 


3y 


ay 


1 4 

ay 





, Vx " 



at' 


a_ 

f ‘F 



ay 


ay 

w>- 







1 1 

rat 

v ax 

1 



V 

1 ^ 

Lay 

’ ? ay 

.aj 

ay 

s 

<*£ 

ax' 

X 0 

dd> 

+ — L X 

: 1 

+ 

a; 18 ; 

X 


3K 


= 0 


B± 

dy' 



.(2.15) 
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I i i) Using the same method as in 00 wc can P rove ' 

— — 
dz = az' 

af a^ a/ a* a£ a* w W w 

IV) 31 = 3x' ' 31 *3y' ’ 3t + 3z' ' 3t 3V ' 3t 
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electromagnetic wave equation in the frame S is as follows : 
j2* 3f£ 1 _ 

a< 2 + 3yi 3/2 - 0 


(2.18) 


■fi ^ 321 

= 0 


By equations (2.14), (2.15), (2.16) and (2.17) this equation 

becomes, 

i fd_ _ v_a_Y iL j£_ 

^3x'" ? 3t'J + 3/2 + 3 Z 2 

nL 


? 


1 /'JL a v 
^ (at'" ^3x'J 


"Lc 2 -V 2 


a 2 


1 


. 2v a 2 v 2 a 2 \ „ 

3x' 2 ’ ^ 3x9f + c* 3(' 2 J + 3y2 + g 2 2 
a 2 ... a 2 . 3 f_\ 


♦f = 

a 2 


-? W ’ 2 " ife + W 3 x' 2 J 


<t> = 0 


c 2 a 2 2y a 2 _v 2 a 2 a 2 a 2 

c 2 -v* ax' 2 " c 2 -v 2 axar' + c 2 (c 2 -v 2 ) at' 2 + a/ 2 + az 2 

_ _j__a^_ 21/ a 2 \/ 2 

c 2 -^ 2 at' 2 + c 2 -V 2 at 9 x' ’ c 2 - V' 2 





= 0 


a 2 / c 2 


v 2 


a 2 a 2 

+ —r + 


ax ' 2 ^ 2 - V 2 ' c 2 - V 2 J dy ' 2 dz ' 2 

a 2 r v 2 1 


at ' 2 |c 2 (c 2 - v 2 ) ' c 2 -v 2 




= 0 


a2 

/C 2 - 1/2 > 

u 32 

a 2 

a 2 

V 2 -c 2 1] 

ax’ 2 1 

[ c 2./2 

) a/ 2 

+ az' 2 

+ ar 2 I 

lc 2 (c 2 - V' 2 ) fj 


4>= 0 


.•.[ii + iL + iL » f n 

L ax ' 2 3/2 3/2 ' 3,2 |c 2 (c 2 - 1 / 2 ) if . 

.-.fiL. Jf_ 1 32-1 

. L 8 *' 2 ay 2 + 3/2 - ? j,./f 

; ;V + aft _ aft 


= 0 


= 0 



a/ 12 a/ 2 " ? 3/2 


= 0...(2.19) 
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h frame S' It has the same form a$ 
This is the wave equation in the ' Hence the e lectromagneti t i 

equation (2.18) referring tothe [ orenU transformations. \ 

wave equation is transform,./ 

Note : This is the reason wh y EinSte '" or ° ation equations for inertial 
tion equations as the correct t< replace Galilean 

frames of reference and stre sed that they s Galilean 

transformation equations. Moreover, they do 
transformation equations for small velocities. 

2.11 COVARIANT FORMULATIONS : 

According to the first postulate of the Special theory- of Relativity 
all the laws of Physics should be invariant in all inert al frames o 
reference, i.e. when we transform the equation represent g 
Physics from one inertial frame to another inertial frame using o tz 
transformation equations, the form of the equation should remain the 
same. Only the x, y, z, t co-ordinates of the frame S must change to x, 
y, z\ t' of the frame S' respectively. In the previous section we have 
seen how this happens for the electromagnetic wave equation. 

An equation which retains Its form under co-ordinate transfor¬ 
mations is said to have covariant form. i 

In constructing any equation it is always required that the terms 
of the equation should be all scalars or all vectors. The Special 
theory of Relativity imposes another condition : The equation should 
have covariant form under Lorentz transformations. This in turn pro¬ 
vides a test for the correctness of the equation representing a law of 
Physics. If an equation is not having covariant form then it has to be 
modified and generalized. According to Einstein, "This is a definite 
mathematical condition that the Special theory of Relativity 
demands of a natural law and by virtue of this the theory becomes a 
valuable heuristic aid in the search for the general laws of nature." 

In reality, this condition did lead to many new developments in 
theoretical Physics. We will consider one such development in what 
follows : 


i.e. 


Schrodinger's time-dependent wave equation, 
..34' ft 2 

;ij<w _ Jira?¥ a 2 * dan 

■ *2'"Ld* 2+ ^ + ^rJ +u ' 1 ' 


5 




contains first derivative in time and second derivative in space c* 

« iTSnl ’nut 1h.° .TT? in S ? ace and time co-ordinate. Hen* 
if we cany out the Lorentz transformations the equation will n 0 
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Thus the equation is not having covariant form and 
its for" 1 - nonorali7pH P A M. Dirar took no this fade 


ii’ ela jn u> ,w modified and generalized. P.A.M. Dirac took up this task 
[, e eds to ** deve loped a new equation having covariant form under 
and " 1 reformations. It is called Dirac Equation. This equation 


^d" 1 '^formations. It is called Dirac Equation. This equation 
^ * -reotz tra theoret j ca ||y the existence of the intrinsic spin of 


ill LO 
til 


* theoretically the existence or tne intrinsic spin 01 
establish ^ existence of antiparticles also. Schrodinger's time- 
^ e,eCtr n ° d n e S n t equation has no capacity to achieve these results! 

8r ' depC • Show that the quantity x 2 + y 2 + z 2 - c 2 t 2 is invariant under 
PfQblenjransformations of space-time co-ordinates. 

LOf i«- Lorentz transformations of space and time co-ordinates are 

Solution - «- w 


x’ = 


x- Vt 




/ = y, z' = z, t' = 


Vx 

1 


V 




In the frame S', the quantity has the form, 
y2 + y> 2 + f 2 - c 2 f 2 


<• • sy 


(x - vt) 2 , , 

i —ra-+r + ^ 


. W 


(*-W) 2 - c 2 ( ( -^ 


1 * 

1 ' F 


+ y 2 + z* 


(x 2 -2xVt + V 2 i f 2 ) - c 2 ^t 2 -^7 + 


1 "? 


+ y 2 + z 2 


* 2 - 2xVt + V 2 f 2 - c 2 t 2 + 2xVt 


V 2 x 2 


7 ^" 

1 “■? 


+ y 2 + z 2 


O'?) + f2 (^ 2 ’ c 2 ) 


? 


+ y^ + z : 


* «* + £fl£^Aa . . 

c 2 + y^ + 2 2 

* *»:. ^(c 2 - lA 

^Tva— + + ^ 
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= * * + ** * c2f . .2 + + / 2 - <** remains the I 

Thus the value of the q\u>m * ’ , he quan tity remains 

same in both the frames S and S Hence in M djna >, 
invariant under lorentz transformat,ons of space time ' 

i • fUrt f ramp ^ on which the ciocks in j 
5 . Problem : There is a plane in the with velocity 

and S' always agree, prove that this plane move iy 


£[, . relative to S. Show that this velocity is less than V. 


Solution : Let a point (4 Y, 4 0 be lying on the plane. 
By definition of the plane# t = t'. 

By Lorentz transformations# 

Vx 


) 


f = 


- 


t 


t = 


V 2 

F 

Vx 

~F 


v 






t -y 1 




= t 


Vx 


Vx 


= f 


X 

f 


[■' • V^S ] 

■ #[1 - V 


1 - 


P2 


] 


X 

t 


Velocity of the plane relative to the frame S 

Let us assume that this velocity is not less than V. Hence it must, 
be grater than or equal to V i 

v[ ] - V 77 ? ] - v | 


-V 77 ? 


2 7T 


V 2 

? 


1 - 


V 2 


7 


2 


v 2 

F 




Sr arm pH hv P.amSrarmpr 
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““dT 


V« . 


jhis b absurd due t0 thc fo,,owin 9 reason. Since ^ is always 

! I - VI 1/2 

} p 05 itive, "\j 1 '■? I$ alwa y s ,ess than Hence its square, 1 - ^ 

J should be less than 

. m The velocity of the plane must be less than V. 


Problem : Two events A and B occur at the same point in the frame S 
but B later than A. Prove that the sequence remains the same in all 
frames. 

Solution: 

Let the events A and B occur at the same point {x, y, z) in the 
frame S but at the instants t] and (2 respectively. Since the event B 
occurs later than A, t 2 > ti. 

We shall investigate what happens in the frame S' which is 
moving with uniform linear velocity V relative to S along X - axis. 


By Lorentz transformations, V = 

\ 

Vx 

1 

J . 

B.M. 

1 



* Vx 


For the event A, t\ = 

fl - cT 


V-5- 

( . 


, Vx 


For (he event B, t '2 = 

f 2 -•? 

' , 


. 


0 Vx 

Vx 

/. fi - M = 

t2 


V i_ 7 

1 

1 


Vx 

• Vx 


2 

fi + 

. 

V' 

V2 


v 



f 2 - U 


V 
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t 2 

A (i > ( 1 


i.e. the event B occurs later than A in the frame S’ also. Thus for, 


Since t 2 > ti, 
t' 2 - Ci >0 

frames, B occurs later 'than 7'and "the sequence of the events]' 
conserved. 

Note : The sequence of events is conserved for all frames because tb, 
two events are occurring at the same point in S. y ur j( 
different points then, 


t\ = 




) 


t 2 ' - tr = 


t* = 


V^X 2 x Vxy 


Vx 2 




TP 

7 




1 


T2 


(t 2 - ti) - (x 2 - X]) 


V 


1 


1 ) 


If the distance between the two events, (x 2 - xi) is very large, 
the velocity V of the frame S' also is very large and time interval (I; 

- fi) between the events is very small then it can happen that 
V 

h - fi < (* 2 ' *i) 

T _ hen 4 -'*> < 0 '2 < or C, > f 2 i.e. the event A occurs later 

than B. i.e. the sequence of events may not be preserved! Thus even 

fnnthTfX Th°;< CUr ?K Ce ° f e T tS may chan 9 e from one frame to 
another frame. This is the reason for naming the theorv as "Thanrv d 

Relativity*. It is necessary here that these events^mus[ no?b 
connected with each other as cause and effect). 

/ 2.12 LORENTZ - FITZGERALD LENGTH CONTRACTION : % 

Let us consider an uniform rectannniar i • . . 

the frame S'. (Fig. 2.5). The frame s’ k l - ly,n . 9 a,on 9 X '‘ axis 
velocity V relative to the frame S alona X-T^ W 'u h uniform 
stationary relative to the frame S' whereas it k S ’ ^ ence *J) e ^ ar 
V along'X-axis relative to the frame! m ° Vm9 with ve,0 ° V 

Let Xi and Xj be the X - co*ordinatpc nf fu A _ ■ , . , m) 

located along its length relative to the frame S' Let ^“"nd °l be tWi 
corresponding X- co-ordinates relative to the frame s d ° 
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Rg 2.5 Rectangular bar is at rest In frame S’, but moving relative to the frame S 

By Lorentz transformations, 
x-Vt 


F~- 


V 2 

F 


4 

✓ 


m 

)l(! 


.'. X\ = 


*!2 


X! - Vt 


1 


V 

x 2 - Vt 


V 2 

F 


v 


1 


F 


'ati 
vf 
• l 

it 


v 


While measuring the length of an object the end points of the 
object should be located on the axis simultaneously i.e. at the same 
instant t. Hence we have taken the same t in the above two 
equations. [In this connection, recollect the process of measurement 
of the length of a moving fish discussed in the first chapter (see 
§1-7, Fig. 1.4)] 

.*. V 2 - Vi = JStliL . - *-_W 


V* 


X2 - Vt - *1 + Vt 


V 


7 ^ 





*2 -Xi 


V 


1 * 

lm F 


...( 2 . 20 ) 
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V 


__——- 1 —— - -|j 

Mow, (x 2 -xj) is the length of the bar measured in the frame $ij * 
lich it is stationary. This length is called Proper Length of th* j p| 
nd is denoted by (Ax)o 


Now, 

in which it is stationary, 
bar and is denoted by (Ax)o 

(x 2 - xi) is the length of the same bar measured in the frame $ j 
:ive to which the bar is moving with velocity V. This length j$ 

A nkrn n .^ I nnntk nr nnn nrnnor lonnfh AnH K HpnOtPd hv Ay 


relative 


called Observed Length or non-proper length and is denoted by Ax, 
Equation (2.20) can be written as 
Ax 


(Ax) 0 = 





| 

••• ^ = y i (ax ) 0 1 

Sinee p is always positive, “\J 1 - ^7 is always less than 1 . 

• .'(ax < (Ax)o~'~ > ) 

length 6 ° f the movin 9 bar is ■«* than its proper 

Thus while moving with velocity V the bar appears to be * 

'. contracted in the direction of motion by the factor *^ 7 * ... (a) l 

located along its^hUeVadveToThTfmme^ ?« P 0int ^ of tbe bar 
corresponding Y - co-ordinates relative to the frame s * * 

By Lorentz transformations, y = y 

y\ = v\, 

^2 " Y\ = y2-yi. 

(Ay)o = Ay i.e Ay - ' 

Similarly for breadth, 

= (Az) 0 

These two results show that no rnnt *• 
height and the breadth of the bar i e in tif Ct l? n a RP ears a| ong the 
to the direction of motion. ' ‘ tne d,re ction perpendicular 

Thus we conclude from (a) and (h\ h, * 
velocity V the bar appears to be contrL* - Wh,,e movin 9 with 

j -to ,n th® direction of 

motion by the factor A/ 1 - -y but thpr^ 

' ^ s no such contraction in 


>4 = y 2 . 


■ 


l 
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o" perpendicular to the direction of motion. This 
'tl the n omenon is called Lorentz-Fitzgerald length-contraction. 

P l ' e,1 ^ e phenomenon is illustrated in Fig 2.6. 


>1 

’9«i 

V 


op er 


. 

> be" 


..(a) 


bar 

the 



0i 



(a) (b) 

^9- 2.6 (a) Railway policeman, as observed from the ground. 

(b) The same Railway policeman, as observed from 
with a velocity 0.8 c. 

Remarks: 


a train moving' 


ie 

ir 

fl 

ft 

f 


') As we have seen here the Lorentz-Fitzgerald length contraction 
is a natural consequence of the Lorentz transformations of the 
Special theory of Relativity. As we have seen in § 1.24 this 
contraction hypothesis could explain the negative result of 
ichelson-Morley experiment. Hence the Special theory of 
. ^ ea tivity accounts for the negative result, indirectly. 

| ength I, ° Wln9 e< ^ ua ^ on re P resen ts the law of transformation of 


•‘•Ajt = 


m 


(Ax ) 0 


P 2 

7 



J 

II 

m 


■ - -— 
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It shows that for an observer the length of a moving object 
varies with respect to its velocity V relative to the same 
observer. Thus the space is not absolute but relative. T 

iii) Due to length contraction, all observed lengths of a body ar^f 3 
less than its proper length. Hence the proper length of the body 
is its maximum length. 

^ 2.13 EINSTEIN'S TIME-DILATION: 

In order to understand the phenomenon of dilation (j.$ 
expansion) of time, first revealed by Einstein, we shall study the 
following illustration : 


Illustration : 



Fig. 2.7 Measurement of time-interval between two flashes of light emitted by an 

aeroplane *' 3 

At night, one aeroplane is travelling in the dark sky along i 
straigh line with uniform linear velocity V(Fig. 2.7) We assume that 
this velocity V is comparable to the velocity of liqht c As usual it 
emits the flashes of light at certain interval of time. 

There are two observers who want to measure the time-interval 

onTnf"th W ° SU f CeSS |r e ° f li9ht emitted frorn the aeroplane 

One of them is travelling by the same aeroplane. The other observer 

is standing on the ground. Both the observers have exactly the same, 
type of stop-watches. y \ 

When the aeroplane is at A it emits a flash of light When tJ 

immeTtely Ce,Ve " y$ ° f ' i9ht the * sta « their' stopwatch* 

The aeroplane moves forward and emits the nevt fi».h n f liaW 
ltoptt e ir P s°toS°watches hen feCeive the "** of «9 ht ^ 





. ' 
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h t is the result of the measurements? The observer in the 
1 ^ ha fjnds that the time - interval between the two flashes is 1 
H a er0p ^ n The observer on the ground finds that the time-interval 
second. same two fishes is greater than 1 second! How can the 
|y, betwee n a( between the same two events be different for these 
\ time * pr c? Why does the time-interval appear to be dilated for the 
j °^ d observer? The reason is as follows. 

® For the observer in the aeroplane the two flashes were emitted 
i m the same point on the aeroplane. Hence the time-interval 
b r g tween the two flashes is "really" 1 second (i.e. it is proper time- 

interval). 

For the observer on the ground one flash was emitted from the 
int A and the second flash was emitted from a different point S. 
The place of events was moving with velocity V. The ray of light 
emitted from B has to travel a greater distance than the ray emitted 
from A Since the velocity of light is finite it does require some time 
to travel the extra distance. Hence the time-interval between the 
arrivals of the rays at the ground observer is greater than 1 second. 

Thus if the place of events is moving with high velocity 
comparable to the velocity of light the observed time-interval bet¬ 
ween two events appears to be expanded as compared to the proper 
time-interval. This phenomenon is called Einstein's time-dilation. 

Derivation of the formula : 

i A A 


I 


tit 

l 

t 


\ 


El 

* 


(a) 


A s 


A s ' 


E2 

* 



Fl 9.2.8 Events E, and E 2 occurring at the same place In the frame S' but at different 

places In the frame 5 
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An event E, occurs in space, it is descried in the frame S'by 
co-ordinates (/„ y„ /„ t\) and in the frame S by the co-ordinates (*,, 

Yb z\, *i). [See Fig. 2.8.(a)] 

Another event E 2 occurs at the same point Va°me ^ ^v*th^ 
but at a later instant t' 2 . Hence it is described in the frame 5 by the 

co-ordinates (/„ z\, f 2 ). Since the frame S' is moving with velo. 

city V relative to the frame S this event occurs at a different point ' n 

the frame S and it is described as (x 2 , Yi> z 2/ fc)* [See Fig. 2.8 (b)J. 

Thus the place of events is stationary relative to the frame $' 
whereas it is moving with velocity V relative to the frame S along X- 
axis. 




v ed 


By Lorentz transformations. 


V = 


Vx 


V 77 


Taking inverse transformations, t = 




. Vx 1 

1 


For the first event Ej # 




11 + 


p 2 

Vx\ 


val 
pai 

| B" 


h = 




For the second event E 2 , 


t2 = 


1 


,, 4.M 

h +7Z- 






*') 


h - h = 


c 7 


V 77 ? V 77 


P2 

C 7 





1 - 


_ tj -rt 
T* 


V 


1 - 


...( 2 . 21 ) 


Now, (f 2 " f* 1) ^ the time-interval between the two events 35 
measured by the observer in the frame S' in which the event occur at 


* 
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the same place i.e. the place of events is stationary. This time- 
\ !" efVa l is called proper time-interval between the two events and is 

denoted by (At)o 

(t 2 ~ the “ interval between the same two events as 
measured by the observer in the frame S relative to which the place of 
events is moving with velocity V. This time-interval is called obser¬ 
ved time-interval or non - proper time interval and is denoted by At. 


b >IL 

V 
]. 




n 9 X. 


Equation (2.21) can be written as 



V 2 I v 2 

Since is always positive, -y 1 - -g is always less than 1 

At > (Af)o 

Thus if the place of events is moving the observed time - inter¬ 
val between two events appears to be expanded (i.e. dilated) as com¬ 
pared to the proper time-interval. The formula representing Einstein's 
fj time-dilation is 



Remarks: 

0 The following equation represents the law of transformation of 
time - intervals. 


At 


(AQo 




V 2 

c 7 


if. 


events Sh ° WS ,hat for an observer the time-interval between two 
event! V3r ' eS with res P ect to the velocity V at which the place of 
interval? movm 9 reiative to the same observer. Thus the time - 
s n °t absolute but relative. 

even/° l ' me '^‘* a ^ on observed time-intervals between two 
time-* ^ rea . ter ^ an the proper time interval. Hence the proper 
events 6rVa * * S S ^ 0rtest time-interval between the two 


ii) 





mniv; 
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Hi) Due to Einstein's time-dilation, one second of a moving clock j s 
longer than one second of a stationary clock. Hence a movi^ 
clock appears to run slow as compared to a stationary cloc . 

iv) It should be noted that the phenomena of length-contract^ 
and time-dilation are reciprocal. 

A metre scale lying in the frame S' appears to have contracted to 
the observer in the frame S. Similarly a metre seal? lying in the frarr^ 
S appears to have contracted to the observer in the frame S' by the 
same amount 

A clock lying in the frame S' appears to be running slow to the 
observer in the frame S. Similarly a clock lying in the frame S appears 
to be running slow to the observer in the frame S' in the same way. 

^2.14 VELOCITY OF LIGHT 'C' AS A LIMITING VELOCITY IN THE 
UNIVERSE : 


'4 

li 


Ax 


= 


f 

■? 


(A*)o, 


At = 


(Af)o 




F 


If V = c, then 




TP- 


- 0. Hence Ax = 0 and At = °o. 


i.e. the length of the body would appear to be zero and time- 
interval would appear to be infinite. This is not possible in nature. 
Hence a body cannot move with a velocity V equal to the velocity of 
light c in free space. 


Moreover if V > c then 


V2 i 
^ 7 > 1 / 


, V 2 L I - V 2 

1 - ^7 becomes negative and ^ ^ ^ becomes imaginary. 


But 


then Ax and At also become imaginary. Even this is not possible in 

nature. Hence a body cannot move with a velocity V greater than the 
velocity of light c. 

Thus a real material body can neither attain the velotitv of light 
nor travel faster than light. All the velocities which it can attain in S> 
reality are always less than c. % 

Only the electromagnetic waves, including light, travel with 
velocity c in free space (i.e. only photons can travel with velocity c 
m free space). As such the velocity of light c in free space becomes 
the highest possible velocity in nature. 

Thus the velocity of light c = 3 x ro« m/s In free space Is ** 
limiting velocity In the universe. v 
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^ consequence of this result is that in the universe, any 
|f A a | # an y message, any action can be transmitted from 

effect/ any anot h er place only with a finite velocity which is less 
•V one P ,ace ua | to c. Instantaneous transmission with infinite velocity 
^ tha n ° r S 5 ^| e in nature, according to the Special theory of Relativity. 


>i 

S 


to 


to* 

»y. 


ire 

of 


lS \m have seen in the First chapter that Faraday introduced the 
ot of field in Physics in order to explain "action at a 
c ? nC ce" from the electric charges and magnetic poles. Now, accord- 
distan ^ e | ectroma g n etic theory, this action at a distance occurs in 
in 9 rplds and forces are transmitted in the fields instantaneously i.e. 
infinite velocity. 

According to the Special theory of Relativity this is absurd. The 
ction at a distance occurs and forces are transmitted in any field 
(gravitational, electric or magnetic field) with a finite velocity 
which may be less than or at the most equal to the velocity of light 
C s3x10 8 m/s. Even the disturbances produced in electric and 
magnetic fields propagate in the respective fields with a finite 
velocity which can be less than or at the most equal to c. Thus this 
theory of Relativity infuses life and reality into the Faraday's concept 
of field. Einstein says : "The electromagnetic field is, for a modern 
physicist, as real as the chair on which he sits". 

2.15 RIGID BODY IN RELATIVITY : 

In Classical Mechanics a rigid body is defined as that body in 
which the distance between any two particles does not change under 
the action of any force, however large. 

When a force is applied at a point on a rigid body, the force 
must be transmitted to all other particles instantaneously so that all 
particles would start moving simultaneously because the distance 
between any tVvo particles of the rigid body should remain the same. 

In Relativity, however, this is not possible because the force is 
transmitted to the other particles with a finite velocity and not 
mstantaneously. Hence all particles of the rigid body are set into 
rnetion at different instants of time and the body suffers a 
formation. Thus in Relativity, no body is absolutely a rigid body. 

2,16 EXPERIMENTAL VERIFICATION OF TIME-DILATION : 

t „ or( ter to observe the dilation of time experimentally the 
°wing are the requirements : 

Particles travelling with very hiqh velocity V comparable to the 
. i) velocity of light c, * 9 

Srnail time-intervals so that the distance travelled with high 
oc 'ty would be small and easily measurable. J 
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Some elementary particles like * - mesons (pions), p - mes 0| , s 
(muons) etc. satisfy these requirements. 

A muon decays into an electron, on an average, 2 x110 6 sec, 
after it is produced in nuclear reactions in the laboratory. This is th* 
tirpe-interval between two events, viz. birth and death of muons. 
When muons are stationary this time-interval can be regarded 

proper time-interval i.e. (At)o = 2 x 1 O' 6 sec. 

Now, muons are also produced in upper layers of the atmosphere 
by the cosmic rays arriving at the earth from outer space. These muons 
travel with very high velocity equal to V = 0.99c. If we take the life. 

time of these moving muons as (At)o = 2 x 1 O' 6 sec. then the distance 
travelled by them is given by 


s = V x (Af)o 

= 0.99 cx 2 x 10* 6 

= 594 m. 

which is even less than a kilometre. But actually these muons are 
created at attitudes which are about 10 times greater than this value. 

We are getting unconvincing result because the life-time of ■ 
moving muons is not (At)o but At such that 


At 


(At)p 



2 x 10* 6 


~7 — 14.17x10*6 sec. 

Vi - (0.99) 2 


14.17x10- 6 sec. 


The distance covered by muons in this time At is given by 



S = V .At. 


Given: (Ax)o = 1m, Ax * 50 cm = 0.5 m i/_? 
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Speed of the stick = 0.866 c. 

Problem : A pion has average life of 1 O' 7 sec which is measured when 
s it is at rest. What average distance the pion would travel before 
decaying in a laboratory frame in which its velocity is 0.6 cl Com¬ 
pare this distance with the distance which the pion sees travelling 

^through by itself. Take c = 3 x 10 8 m/s 

Solution : 


(At)o = 1 O' 7 sec., V = 0.6 c 

In the laboratory frame, the life of moving pion is given by 


At = 


(At)o 




1 " c 7 
IQ' 7 


10 - 


= 1.25x10-7 sec. 


Vi -0.36 °' 8 

The distance covered by the pion in this time is given by 
5 = VA t. 


= 0.6 cx 1.25x10-7 

= 0.6x3x 10 8 x 1.25 x 10-7 = 22.5 m. 


labnrai A ^ era 9 e distance covered by the pion relative to the 

^ratory frame = 22.5 m. 

distance is stationary in the laboratory frame. Hence (Ax)o = 
\ or the pion it is moving in the backward direction. Hence 
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the distance covered by the pion as measured by the pion itself^ 
9 'ven by 


Ax = (Ax) 0 = 22.5 Vi -0.36 = 22.5 x 0.8 = 


18 


m 


.. Average distance covered by pion as seen by the pion itself = 

^ * >ro ^ em • A rnuon formed high up in the atmosphere travels with 
speed 0.99c for a distance 5.4 km before it decays-What is the life j 
™ uon as measured by us and as measured by the muon? How murii 
distance does the muon travel as measured by itself? 

Solution : 

V = 0.99 c. s = 5.4 km = 5400m 




) 


Now, V = | 


f = v 


Life of muon as measured by us = -—^_ 

0.99 x 3 x 10 8 

= 1.818 x 10- 5 sec. 

at H f S f' nCe . th 1 mUOf ? ' S movin 9 relative to us its birth and decay occur 
at different places, i.e. the place of events is moving. - 

•••At = 1.818 x 10 s sec. 

For muon these events occur at the same place i.e. in muon itself. 
Hence life of muon as measured by muon itself is (At)o 

(AOo 


rn 


Now, At = 


(Af)o = Af\p\ 


V* 


V 2 

C 7 


1.818 x 10* 5 ViI - (0.99) 2 
1.818 x V6.0199 xlO- 5 
Life of muon as measured by the muon 


= 0.2565 x 10’ 5 sec 

= 2.565 xl O’ 6 sA 


Distance travelled by muon as measured by us = 5400 


m 




backward 'direction! “ ** ° S bU ‘ f ° r mu0n il is movi "9 in * 

u (Ax)o = 5400 m. 

v> • 
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Distance travelled by muon as measured by muon is given by 

V 2 
71 


AX = ( Ax)o 




= 5400 N1 - (0.99) 2 = 5400 a/ 0.0199 = 761.8 m 

problem : A stick at rest in the frame S has a length L. It lies in the X- 
ifi v plane making an angle 0 with the X-axis. Find its length L' and 
hi inclination to the X'-axis as measured by an observer in S' frame 
which moves with a constant velocity V along X-axis. 

Solution : 

Relative to the frame S, 

Component of length L along 
X-axis f L cosG 
Component of length L along 
Y-axis = L sinG 

Since these lengths are proper 
e lengths, 

? (Ax)o = L COS0, 

(Ay)o = L sin0. 

i The corresponding observed o 

lengths in the frame S' are given 
by 



(Ax) q - 

Fig. 2.9 Stick in X-Y plane 


Ax = (Ax)oA/1 




V 


1 


-w 

■? 


T 2 

- L cos0 

= (Ay ) 0 = L sine. 

Let the length of the stick relative to the frame S' be L’. 


L' 2 = (Ax) 2 + (Ay) 2 


= L 2 cos 2 8 


0 ■?) 


L 2 sin 2 6 


V 2 


= L 2 cos 2 e - L 2 cos 2 e ^7 + L 2 sin 2 0 


= L 2 - L 2 cos 2 0 
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This is the length of the stick as observed in the frame S'. 
Relative to the frame S, 

Mo 


tan0 = 


Mo 


Let the inclination of the stick to X' - axis be 0. 


tanO' = 


i* - ^ 


I- 


Ax 


( A K)o 


( A *)o *\J 1 - ^ 

(Ay)o _ 1 


tan0 


Mo 


v 


1 - 


W 


i 


This formula gives the inclination 0' of the stick to X'-axis in 
thetrameS'. 

Problem : Prove that the volume element dx.dy.dz.dt in four-dimen-l 
sional space (i.e. Minkowski space-time) is invariant under Lorentz * 
transformations. 

Solution : 

By Lorentz-Fitzgerald length -contraction. 


dx 


- mo Vi - ? - dy = W)o ( dz = (dz)o 


By Einstein’s time - dilation , 
dt = ~Mq__ 


dxdyd2dt - V^T«Wo • (da)o - A 


(cfx)o . (dy)o . (dz ) 0 .(d f ) Q 


V 77 




, \ 


This shows that the four-dime • 
invariant under Lorentz transformations nS, ° nal vo,ume element 

Jl. 17 LORENTZ TRANSFORMATIONS OF VELOCITY • 

Let us consider a particle • 

relative to the frame S be u havino comn Space * Let ,ts ve,oclt )f 
and Z -axes respectively, 9 Com P°" e "k Ux/ Uy , u 2 along X, 
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dz 

Uz ~ dt 


^en * dt -* oi or 

rorresponding velocity relative to the frame S' be o' 
L«* opponents i/ x , u’ y - u 'z alon 9 x ’’ Y - Z ' ‘ axej respectively, 
ring c0 K , . wy 


’ havi n 9 

Then w' x = dt'* 

djL 

i) d x = dt' 


u _ ^ 

*7 " dt* 


. d/ 

*4 = df 





V 2 

1 *F 




V'x ^ 

f ‘F 


F 




yp--? 


J 


dx 


dx- Vdt 


dt 


- V 


Ux-V 


ft 
i b 


V 

dt-jzdx 


V dx 
1 -?5t 


1 - 




F" 


ii) d y = 


d£ 

dt' 


dy 








J 


dy^Ji- 


F 

F 


dy /- ^ 


dt 




F 


IA 




F 

F 


dt-^dx 


V dx 

1 ■? ~dt 


, VUx 

1 “~F“ 


iii) Using the same method as in (ii) we can prove, 

. WEI 


<4 = 


. Vu K 

' C 2 


Thus we have, 



Vu % 4 


cT ' 


•»• : 
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H) 


p_—— --- 

These are Lorentz transformation equations for veloci 
components. 

Remarks: 

i) As happens in Classical Mechanics, if the velocity u of [U 
particle and the velocity V of the frame of reference S' are sma|! 

in comparison with the velocity of light c in empty space, then i e i 
^2 Vu% * |i(j 

■^and-^r become negligible in comparison with 1 . Hence the ^el 


above equations reduce to 

u x -V, 4 , = u Yf 


4 = 


*4 = 


O z 


fra 

Th 


y " m 

These are nothing but the Galilean transformation equations for % 

velocity components. (We have obtained them in § 1.10 of the first A. 
chapter). 51 : 

I yg| 

11 ) A ray of light is travelling with velocity c along X'-axis relative! cii 

to the frame S'. (Fig. 2.10) .We shall find out its velocity 
relative to the frame S. y 

i.e. 1 


= c 

A 

S 

and • u x ■■ 

Y > 

- 7 

s' 

c 





r o 

/o' 


- 3 


rel 


1 


hi 



i 


Ffg. 2.10 A ray of light travelling with velocity c relative to the frame S' 

By Galilean transformations of velocity, 

Ox = Ox - V 

o x = o'x + V = c+V 

vs&r. . .. “«- ^ f 

By Lorentz transformations of velocity, 
u*-V 




o'x = 


1 Vu x 
1 ’?■ 
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snverse transformations, 

Tak ' n9 ui+V c+ v 

= = , ^ 

»x i 4 . —r 1 + ■? 


c+ V 
c+ V 


= c 


i +^r ■ ’ c* c 

i| h frame S also the velocity of light is c. Thus the velocity of 
i.e- in the a *,ns the same in all inertial frames of reference. It does not 
light r ^ m on ^e state of motion of the source or observer. Moreover, 
^ dep en£ v g rea ter than c can not be achieved by introducing any 
a vel0< y re f eren ce. Velocity greater than c does not exist in nature, 
^theory of Relativity is excellently consistent everywhere. 

J&isTHN'S LAW OF VELOCITY ADDITION : 

si vL^VVe shall now obtain a formula representing Einstein's law of 
I c ity addition. This formula, first devised by Einstein, is parti- 
e cularly very useful in solving problems on velocity transformations. 

y Let us consider a particle moving in space. Let its velocity 
relative to the frame S be u having component u x along X - axis. 

dx 

•• = - dr 

.1 Let it's corresponding velocity relative to the frame S' be u' 
having component u' x along X' - axis. 
dx 1 


Ux = 


dt 


Now, ii x = 



dt v 

, Vdx 

1 -?3F 


Ux 


Vu x 


i.e. 


= 


K«- V 

, Vu x 

’•T" 


...( 2 . 22 ) 



c* 

^ introduce three inertial frames of reference ( Fl 9- 2- 1 
s m °ving with uniform linear velocity V relat 
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frame S along X-axis. The frame S n is moving with uniform |j n ^ 
velocity W relative to S' along X'-axis. We shall find out the vel 0ci , 
of S" relative to S along X-axis. ^ 

i.e. in this case, u' x = W and u x = ? 

AAA 


S' 


S" 


v 


w 


^9* 2.11 Three inertial frames of reference 

Taking inverse transformations of equation (2.22) we get 
u k + V W + V 


Su x = 


, Vu' x = 

1+ ^ 


, vw 
1 + -?- 


s is givenVr = ^ ^ velocit y^ of the frame S” relative to 






u = 


V + w 


1 + 


vw 


This equation represents Einstein's law of velocity addition 

th°e te fraL Sh r!? W fl Is *& S ” re ' a «" * 

Mechanics) but it is less than V + W. S the C3Se m C,assical 

Scltons, ,*h°M2" ”"' Pl ' ° pp “*' 

Solution : electron. 


: 


C 

* 


0.67 c 


A s 



e 


0.67 c 



Fig. 2.12 Application of Einstein's law ot velocity addition 


\ 
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S' 


v attach the frame S to one electron. S' to the sample and 

T j second electron as shown in Fig. 2.12. 

,0 ' thus sample moves with velocity 0.67 c relative to the first 

Electron i-e- relative 10 the frame S ' 

6 . V = 0 67 c - 

The second electron moves with velocity 0.67 c relative to the 
sample i.e. relative to the frame S'. 

^ , \flj as 0.67 c 


V/e have to find velocity of the second electron relative to the 
first electron, i.e. U = ? 

By Einstein's law of velocity addition, 

V +W 
U = vw 
1 + "?~ 


vet 


0.67 c+ 0.67 c 
0.67 cx 0.67 c 

1 +- 72 - 


1.34 c 
1 + (0.67)* 


0.9268 c. 


Velocity of one electron relative to the other electron = 
0.9268 c 


Note : According to Galilean transformations of velocity, the 
velocity of one electron relative to the second electron would be = 
0.67 c + 0.67 c = 1.34 c which is greater than c. This is absurd 
according to the theory of Relativity. 

a! Problem : A man on the moon observes two spaceships coming 
towards him from opposite directions at speeds 0.8 c and 0.9 c res- 
pectively. What is the speed of one ship relative to the other ship? 

,d Solution : 





! 


i 




: 
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Let us attach the frame S to one spaceship, S' to the moon and 
to the second spaceship as shown in Fig. 2.13 


Then V = - 0.8 c, W = - 0.9 c and U = ? 

By Einstein's law of velocity addition, 

U = 


/ 


I 


V + W 

, vw 

1+ -?- 

- 0.8 c- 0.9 c 


1 + 


0.8 cx 0.9 c 


±L£ _ .LZS _ 

1 + 0.72 “ 1.72 u ' y884 c 


/ 

J 


S» 


Velocity of one spaceship relative to the second spaceship 
= - 0.9884 c. 

The negative sign indicates that each spaceship is moving 
towards the other. 

Problem : Two electrons approach each other with the same velocity, 
0.7 c relative to an observer. Calculate their relative velocity. 
Solution : 

Let us attach the frame S to the observer, S' to one electron and! 
S" to the second electron. 

Then V = 0.7 c, U = -0.7c and W = ? 

By Einstein's law of velocity addition, 

U - -5'±W- 

u . VW 

1+ -?r 

uvw 

u+^ = V +w 


.*. U - V = w 




w = 


u-v 


-0.7 c-0.7 c 


1 + 


0.7 cx 0.7 c 


-1.4 c 


1.4 c 


= - 0.9396 c 


1+0.49 = 1.49 

Velocity of one electron relative to the other electron 
= -0.9396 c. 
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. The frame S' is moving with velocity Vi relative to the 
^oble* •' X . ax is. The frame S" is moving with velocity V 2 rela- 
f ralTie S »hp frame S' along X'-axis. If the velocity of S" relative to S is 
fen that 
ft 

9 = i+ft.ft 
_ , v 

■ 9 8a, where /? stands for - 
Solution : 

“shi By Einstein's law of velocity addition, 

P .... a 


u = 


m ovi* 

Ve lod| 


ron an; 


V +W 

, vw 
1+ “?" 


In this case, V- V h 

Yi±h 


V = 


i x VtV 2 


w= v 2 
Y\ ± Yz 


and U = V. 


1 + ^ 


Dividing both sides by c, 

Vi Yl 

c c 


V 

c 


1 


:-P = 


\Yl Yl 

C • c 

h±h 


1 +P].P 2 
This is the required expression. 

^LOcfnADSmON? MUU US,NG E ' NSTE,N ’ S LAW 

mentlo^detect°thp off'^t C ^ a t P ter we have described Fizeau's experi- 
' on ‘he velocity of lloh^w Y m ° tl0n ° f the transm 'tt'ng medium 

? s n r “*««*■ sjsa.' 

fc^auSns^telodw^We* h 0 , r . mula 9 iven b y the Galilean 

* “ l " 8 o, «£ XZSTJSZ' d " 9 
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Fig. 2.14 A ray of light travelling In flowing liquid J 

A ray of light is travelling in a liquid (say, water) havim » 
refractive index n. Its velocity c w relative to the liquid is given by | 

I 


" = £ 


cw = - 


The liquid is moving with velocity v* relative to the observe 
in the frame S. We shall find out the velocity V of the ray relative to 
the same observer in the frame $. 

ord , er t0 *PP'y Einstein's law of velocity addition, let it 
attach the frame S' to the liquid and the frame S" to the ray of li# 
ravelling in the liquid.($ee Fig. 2.14) y y 


Then V = 


V W, 


w = ^ = - and U = 


By Einstein's law of velocity addition, 
V + W 


U = 


VW 


• V 

• 4 f ' 


1 + 


Vw+ r 


c 

n 


tv 




c 

/> 
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unworn 



X 


(-00-S)- 


i* 


..(2.23) 


By Binomial Thoorem, 

(,+<)" - aC+nrf'*'.x+ 2 ^<i»i^ + 


•• 0 - +( ' 1X1) ' 2 &) +M ^ (,) - j © 2+ - : 

. V* /V w \2 /V„\ 

* 1 “ cn + 1 cr? J + terms in higher powers of (“J 

Now, v* is small in comparison with c. Hence jy is much less 

than 1. Due to this, the terms in higher power of — become 
I negligible in comparison with the first two terms on R.H.S. 

1 /, l^Y 1 i 

Hence equation (2.23) reduces to 

> ■ (-00-5)- -SM-Sr 




Evcn ~cn~ becom es negligible in comparison with the other 


terms. 


c v w 

" ¥m v ” + n^7? 


= n +v * 


0*0 


In this case, the liquid travels in the same direction as the ray. If 
We reverse the direction of motion of the liquid then v* becomes 
negative and the above equation becomes, 


* = n ' v " (’ * ?) 
Thus we have, 

° n ± v * 0 * i?) 


v = ±. 
This is 


v elocitJ S If ??^' n 9 but Fresnel's drag formula. Thus Einstein's law of 
decisive ^ay *° n * eac * s t0 Fresnel's drag formula in a very natural and 
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_ 2:20 LORENTZ TRANSFORMATIONS OF ACCELERATION . 

Let us consider a particle moving in sp*«- Let 'i* acceler ati(( 

relative to the frame S bed having component a x , a y , a z along x, v 

and Z -axes respectively. ^ 

du x , a = — ' 

Then a* = — " = - ' ° 7 



dt • °y = ~dt ' Uz " dt 
Let its corresponding acceleration relative to the frame S’ be $ 


having components o’* o\, d z , along X',Y', and Z’ - axes respectively, 

. _ • « Waal 


Then al = 


du' K , _ 

L. = . . § ill S 1. t 


i) dUx = d 


dt' 
Ux~ V 


°y = ^ 


o'y - 


du± 

dt' 


dt 


, V.Ux 


(1 - v -ff 

► 


0 ■ ( du *)" Oix-K)( 



O-^) 2 



0 -^) ^x+ (Wx - V) ^ 

dUx 



1 



du K 

("£) 

A ^x\ 2 

( 1 -^) 

= -- 

0 



I 
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.. 

90 


...... 




"Sg^l 




i i i) Using the same method as in (ii) we can prove 

V* 


o'z = 


0'<0 r/. ^u>\ 1 


In (i), (ii) and (iii) above we have obtained .Lorenb 
transformations of the components of acceleration. 

Remarks : In Newtonian Relativity, a\ = o x , o y = fly, q'z = a z i.e. the 
acceleration is invariant under Galilean transformations (See § 1.11 
of the First chapter). This is not so in Special theory of Relativity. 
The acceleration is a relative quantity and varies from one inertial V 
frame to" another inertial frame. 

However, you can see easily, for small values of u and V the 
Lorentz transformation equations of acceleration reduce to Galilean 
transformation equations of acceleration. 

2.21 RELATIVISTIC THEORY OF ABERRATION OF LIGHT AND 
DOPPLER EFFECT: 

A simple harmonic progressive wave travelling along \bixi$ is 
given by ' |» 


V 


I 

ti 

$« 


A sin 




A sin 


2 *[ vt -xl 


Similarly a simple harmonic progressive wave travelling alofli 
Y-axis is given by 


A ski 


*[“-9 


Worn these equations we can compute the equation of a pi*jj 
wave travelling in X-Y plane with its ray (or wavenormal) making * 
angle 0 with X-axis (Fig. 2.15) as follows: 
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[ xcos 0 + ysin 0 1 

ut-^ J 

[ xcos 0 y sin 01 

vt r~' VI 

Y l 


.(2.24) 



fig, 2.15 Ray or wavenormal making an angle 6 with X * axis 

This equation represents the propagation of a plane wave 
r elative j tg the^frame S. According to the first postulate of the 
SpeciaUheory^TRelativity, the equation representing the propaga¬ 
tion of the same plane wave relative to the frame S' should have the 
same form. Hence it can be written as 

z = A' sin 2 ji lot - —— -*—~—J ...(2.25) 

By Lorentz transformations of space and time co-ordinates, 


x-Vt 


Y' = y, * « t' 


, V.x 


W 


VTT' " ' ' -F 

Using these transformation equations, we shall transform the 
Ration (2.25) from the frame S’ to S as follows : 


z' 


A' sin 2k 


Vx 

= - P 


x - Vt cos 0* ysin 0* 



. V 1 * ?• V 1 '7 


W~ X' 
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X cos 0' 


= A' sin 2k 


\>'t 


& 



* 

Vt cos 0' /sin 0' 


VT 


T*- 


F" 


= A' sin 2k 


ryi- 




t f , ^COS0'^ 
* —) 


1 

X (v'V cos 0 1 \ ysin 0’1 

1 

* J » 


This equation should be the same as equation (2.24). Hence 
| he co-efficients of t, x and y in these equations/we get 


respectively, 
u 

cos 0 


V 1 ' % 


o' + 


V cos 0' 


'S Q' \ 

■ ) 


x 

sin 0 


. 1 fv'V cos 0' \ 


sin 0' 


A. Jt' 

Relativistic equation for Aberration of Light: 
Dividing equation (2.28) by equation (Z27), 

V'T" 


...(2.26) 


...(2.27) 


...(2.28) 




sin 0 

\ 


sin 0 r 


cos 0 


^ + • cos 0 1 


v 
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tan 0 r (cv + c 1 cose’) 
sin 0 1 ‘'sj 


1 


W 

F 


0 + COS 0'^ 

Taking inverse transformations, 
sin 0 


tan 0' = 


V 1 - 


w 


(cose- 

This is relativistic equation for the aberration of light. 
1(( Relativistic equation for Doppler Effect: 


...(2.29) 


X 


P 


Considering the equation (2.26) 


1 


o = 




\)’ + 


VCOS 0' 


IS 0 \ 

' J 


V = 


V 


X' 

V COS 0’ 


V ^ 7 


V 2 " 

F 


r ■ v cos 0 \ 

{ + 


Again, u'X' = c 

i/ 


D = 


Vr 




(l + £cos8') 


Taking inverse transformations. 


v = 


\) 


V 




■(i-Tcose) 


fram e S'^ i e *. source °f light be fixed at the origin O' of the 
n the observer at the origin O of the frame S. 

pr °Per C fr G ^ e S0urce of light is stationary in the frame S', t)' is the 
ife V For ? U€nc y l' 9 ht emitted by the source. We shall denote it 

ikii: * e observer in the frame S the source is moving with velo- 
9 X axis - Hence o is the observed frequency or non r proper 
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Irequency of light 
becomes, 


emitted by the source. The above equate 


“ /— vr\ c 

V 1 - 7 


TCOS0 


) 




..(2.30) 


This is the relativistic equation for Doppler effect. It shows that 
the observed frequency of light \> depends not only on the relative 
velocity V of the source and the observer but also on the angle 0 at 
which the ray of light is received by the observer in the frame S. i.e. 
on the line of sight of the observer. 

Two important cases develop when the line of sight is parallel 
and when it is perpendicular to the direction of relative motion 
between the source and the observer. They are as follows : 

f) Longitudinal Doppler Effect: 



V) 


(l - ~cos180°^ 


wnen ne ime or sight is parallel to the direction of the 

receives ZZ fmm the 2* T a " d the observer? the observer 
receives the ray from the source along X - axis as shown in Fig. 2.16. 

The ray makes an angle 8 = 180° with X av ;* u .. y 

(2.30) becomes, th X ’ ax,s * Hence the equation 


*i * • 
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H 

\ 

H 

i. 

i 

n 




up Vc*- W 

c + V 

un V(c-V)(c + v[ 

<c+V) 


uo 




-_y 

c+v 



U<Uo 


In this case, the source is moving away from the observer or 
•nuivalently the observer is moving away from the source and the 
observed frequency of light is less than the proper frequency. 

If the source moves towards the observer or observer moves 
towards the source then V becomes negative. Hence the above 
formula becomes. 



Ic+V 

0 = y>0 41 

\lc-V ' 


o> vo 


i.e. when the source and observer move towards each other the 
observed frequency of light is greater than the proper frequency. 

Thus when the line of sight is parallel to the direction of the 
relative motion between the source and the observer, the observed 
frequency of light comes out to be different from the original proper 
frequency of the light emitted by the source. This phenomenon is 
called Longitudinal Doppler effect. 

II) Transverse Doppler Effect: 

When the line of sight is perpendicular to the direction of the 
relative motion between the source and the observer, the observer 
receives the ray from the source along Y- axis as shown in Fig. 2.17. 

The ray makes an angle 9 = 90° with X - axis. Hence equation (2.30) 
becomes, 



= uo 




w 

7 


U< l>0 




' I 

i 
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Fig. 2.17 Transverse Doppler Effect 

Thus when the line of sight is perpendicular to the direction of^ 
relative motion between the source and the observer, the observed 
frequency of light comes out to be less than the original proper 
frequency of light emitted by the source. This phenomenon is called 
Transverse Doppler effect. Such transverse Doppler effect does not 
exist in Classical Physics at all. 

Remark : Transverse Doppler effect can be very easily understood from 
the phenomenon of time -dilation. Frequency is given by 

1 

o = j i 

Now, moving time-intervals appear to be dilated i.e. expanded. 

Hence the period T appears to have increased and the frequency 
appears to have decreased due to the motion of the source. 

2 22 SS,”" aberration of licht FEW 

c* 


sin 6 


tan 8' = 


V 1 ' 

V~ 

cos0- - 
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' Cr *s*cial ———— 

^^nroximations, we shall obtain the corresponding 

.... JfcmSlawhat follows: 

' clasS ' C < attach Ihe frame S to 
Let us ti and the frame s 

J • (lie ° verhe .f\„hirh is moving with 


! <’ ver ' , ! 3 h which is moving with 
to thf e*« . ve t0 (he star due 

vel °,<'orbital motion. (Fig. 2.18). 

W ' The rays of light from the star 
, in vertically downward 
direction relative to the frame S as 
,»wMA/n in Fig. 218 ‘ 



e=3n/2 


tra 

dir^- r . 

. s hown in Fig 

e = 


Ray 


3 K 
2 


ionh 

ervr 

rop 

:al 

SR 


to 



"W 

7? 


It 


f 


Fig 2.18 Relativistic explanation of 
aberration light 

For approximations, we can consider V to be much smaller than c. 
V V 2 

i.e. V « c. Hence ~ « 1 and becomes negligible in comparison 
with 1. The above formula reduces 


to 


I 


tan 0' = £ ...(2.31) 

s * v 

f This equation shows that tan 0* is very large but finite. Now 

k ■ 3 tc 

noW ' tan ^ = <». Hence 6' must be slightly less than as shown i 

Fi 9 - 2 . 18 . Therefore there must exist an angle a such that 

® + a = ^5 

M-:; 2 



we 

in 
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i.e. 0' = y - a 

Hence the equation (2.31) becomes. 



- cos a 

• ■ i ■ ■ 

*’ - sin a 


c 

- V 

c sin a 

= V '-cos a 

tan a 



V 
c 

V 
c 


This is exactly same as the equation (1.16) of §1.23 of the First 
chapter. Thus the Relativistic formula for aberration of light leads to 
the classical formula under the approximations of small velocities. 


According to the Relativistic theory, due to the motion of the 
earth relative to the star, the rays of light from the star arrive at the 

earth in the direction making an angle a with the vertical direction 
(Fig 2.18). In order to receive them the telescope has to be kept 

inclined in the same direction, and this leads to the aberration of 
light. 


Problem : A source of light emitting light of wavelength 6563 A is 
receding from an obseiver with a speed of 0.8c. Find the wavelength 
of light as observed by the observer. '? 


What would be the observed wavelenqth 
approaches the observer with the same velocity? 

Given : Xo = 6563A, V = 0.8c, X = ? 


if the source 


Solution : 


In Longitudinal Doppler effect, *hen the 
move away from each other, 



source and observer 
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• X * 

»» " 
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* Problem : A source of light is emitting Sodium D 2 line (5890 A) and 
i is moving along a circle with constant speed 0.6c relative to an 
( observer fixed at the centre of the circle. Find the wavelength of 
/ light as observed by the observer. 

Given : X<> = 5890 A, V= 0.6 c, X = ? 

1 Solution: ' 

For Transverse Doppler Effect, 
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Problem : Show that the exact relativistic aberration formula* 


tan 0' = 


sine Vi - p 2 



ol v 

tfi 


COS 0 - P ! 

V 

where p = - can be derived from the Lorentz transformation equate 
of velocity. 

Solution : 

9 

Let us consider a ray of light travelling with velocity c in Vy 

plane in the direction making an angle 0 with X - axis relative tn 
frame S as shown in Fig. 2.15. 0 

Component of velocity c along X - axis = u x = c cos 0 ^ 

Component of velocity c along Y - axis = u y = c sin 0 

The same ray is observed from the frame S' moving with uniform 
linear velocity 1/relative to the frame S along X - axis In this frlm? 

the t-ay travels with the same velocity c but its direction makes an 
angle 0' w th X' - a*k 5 an 


angle 0' with X' - axis. 

Component of velocity c along X' - axis = u' x = ccos0' 

r* __ . v • 


b) 

c) 


K i 


By Lorentz transformations of velocity. 

4c 

T 

s?- 

f 

II 

c cos 0' = 

c cos 0 - V 

, /CCOS0 \ CS,ne ' = 

Dividing the 

second equation by the first 

csin 0' 

csin0-^T^ 

c cos 0' 

CCOS0- V 


c sin 0 a /1 - ^ 

tan 0' = 

V c* 


c cos 0 - V 

■ i 



u y\ 


1 


V 2 

*? 


1 m ^r 


csin 


;in 0 




1 - 


V.c cos 0 


d) 

e) 


*) 


sinO-yr- 


F 


COS0- 
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No w ' 1 _ 

sin 9 yj 1 - ft 2 

.-.tane’ = cos 0 - P __ _ 

• is nothing but the exact relativistic aberration formula. 

Th,S n also be derived from the Lorentz transformation equations 
Thus it can 
0 f velocity- 


.( velour- 

"I, a LIST OF IMPORTANT FORMULAE OF THE CHAPTER: 

to.' 121 


t| 

Ifi 


a) ^ = 


x -Vt 


I — & ' 


/ = y, 2 = 


z. 


t' = 


Vx 

f ‘F 


I F" 

“l«l b) AX = (AX ) 0 A / 1 - F 

rait. ' 

(AQq 


ram 


c) At .= 


iff: 




T2" 

F 


\° 




0/ 




d) Ux = 


ux-y 

Mix 

F~ 


Uv 


l/y = 




7~v* 

1 " F 


u z 




i - 




Uz = 




- Vu x 

1 ““F 


e) By Einstein's law of velocity addition, 
V +W 

U = - 


1 + 


V.W 


f) When the source and the observer are moving away from each 
other, 


\) 


= u< 


uo 


o 9) When the source and the obseiver are moving towards each 
other, 


\) 


>oo 


fc + T 

transverse Doppler effect, 


* 1)0 V 1 ' F' ' )< 




V 2 

F 


r 


: 

fl 1 


f I 
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1 $. 

16. 


9. 

10 . 


questions 

State the basic postulates of the Special theory off * e ] atl ^' ty ' 

[B.U. Oct.1980, Mav 1981, April 1981, ApnI 1987, April 1988, May 
Ort 1990 Aoril 1992. May 1993, Oct. 1993J 

State and explain the basic postulates of the Special theory of Relativity. -j 
[B.U. April 1989, April 1991, Oct. 1992, May 1994] 

Derive Lorentz transformation equations of space and time co-ordinates. 

[B.U. Oct. 1980, May 1981, May 1982, Oct. 1982, April 1983, Oct. 190 . 
April 1986, Oct 1989, Oct. 1990, April 1991, Oct. 1991, April 199 ]- 
Oct. 1992, May 1993, Oct. 1993] 

Show that Lorentz transformation equations reduce to Galilean transformatj 0 . 
equations for small velocities. 

Show that if two events are simultaneous according to an observer in one 
inertial frame, they are not necessarily simultaneous according to an observer j n 
another inertial frame. [B.U. Oct. 198 (n 

Two events are occurring ait the same point in one inertial frame but at different 
instants of time. Then show that they occur at different points in anotht 
inertial frame. 

Show that the following wave equation of electrodynamics is invariant 
Lorentz transformations. 

0 d*6 d 2 * 1 d 2 * 

+ a?*i?-?5F = 0 

Using Lorentz transformation equations deduce the expressions for 
a) Length Contraction 

b) Time dilation. , 

l B 4 y«L 1980 ' 0ct * 1980 ' Oct. 1982, Oct. 1983, Oct.1984 
Oa!'l992 6 May P 1993] 987 ' Apfi ' 1989 ' ° Ct ‘ 199 °' Af>rM 1991 ' 
equation 9 / 6 " 11 trans,orma,ion equations derive velocity transformation 

Two inertial tram.. „l 1 1 B - U - 0ct 1983 ' April 1984, Oct. 1987] 

Swcomnwnx 7«k*if^SU* m ° vin 9, with a relative velocity 'V' along 

wo frZ^ oaraLf to . * ar ? * he velocities of an ° b i«t « measured* 

two frames parallel to the direction of their relative motion, then show that 


under 


April 

Oct. 


1985, 

1991, 


= 


u. 





ineftial frames* 1 *! reference!*'^ °' ' i9h * in ,ree spa « ha * «h. «me value V in * 

ad<Si§on°of n wlocities. r ^B.U 0n M l ay U 19So S Oct‘ V i0B l I e ,ormulaB, ° r 

Oct. 1991] 1 May 1980 ' 0ct - 1984, April 1988, Oct. 1990, 

Using Lorentz transformation equations derinro , 

a) Relativistic addition of velocities afcng X- aZT*™ 0 ™ ** 

b) Transformation of velocities alnnn v y • ,® XIS 

Show that Einstein's law of velocity additinnT* ° ct ‘ 1982 ' a P i:i 1992 ^ 

or velocity addition leads to Fresnel's drag formula. 

Derive the equation : [B.U. Oct. 1987, Oct. 19891 

v r £-u(,.4A/ 

velocity u in the direction^owards'the 11 ;^.*^ which is moving tfjjjjj 

index of the liquid. ne sourc « of light and n is the refraffi 

Derive relativistic transformations for comnn„„„„ , , [ B u - A P ril 19 

Derive the relativistic acceleration transformation equarion'" 

_ 0,(1 - p !) 3 « 

0->) J 
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du, 


>. 


) 




*1 

\ "■ 

,f| t 

is 19. 

S 

s 

t 2 °- 

s 

21 . 


vvh*r®» 


X 

a) 

b) 

c) 

a) 

b) 


p = jf 


du % . * 

o, s dt ' dt ' 1 

fP f ' B U . April 1983, Oct. 1983 April 1987, April 1988, Oct. 1992, May 1993] 

.iLrifiq equation of a simple harmonic progressive wave travelling in 
plane derive relativistic expressions for y 

* Aberration of light. 

Longitudinal Doppler effect. 

Transverse Doppler effect. 

Derive the relativistic equation for the aberration of light. 

Show that the observed first order aberration effect which corresponds to 
the classical picture, is a special case of the exact relativistic formula. 

[B.U. Oct. 1987, April 1989] 
cwniain how the phenomenon of Stellar aberration can be explained by the 
wfitMty theory. fi.U. Oct. 1983] 

(Hint: Your answer should be the same as that of Q. No. 18) 
reduce the relativistic equations for Doppler Effect in light. [B.U. April 1983, 
Oct. 1992, Oct. 1993] 

Write notes on the following : 
n Relativity of simultaneity [B.U. May 1993] 
jj) Doppler effect in Relativity. [B.U. May 1990, May 1994] 

PROBLEMS 

At what relative velocity V will the Galilean and Lorentz transformations of x 
differ by (a) 1 percent (b) 10 percent of Lorentz transformations of x ? 

[B.U. Oct. 1989] [(a) 0.1411 c (b) 0.4359 c]. 

A spaceship is 100m long on the ground. When it is in flight it appears to be 98 
m long. Find its speed. Take c = 3 x 10 8 m/s. [5.97 x 10 7 m/s]. 

An astronaut whose height is 1.8 m on the earth is lying parallel to the axis of 
the spaceship, in the direction of motion of the spaceship relative to the earth. 

If the velocity of the spaceship relative to the earth is 0.8 c find the height'of 
the astronaut as measured by (i) an observer in the same spaceship (ii) an observer 
on the earth. [(') 1-® m 00 1 *08 m]. 

A particle with proper life - time of 2 x 10' 6 sec. , moves in a laboratory with a 
speed 0.9c. Calculate its life - time as measured in the laboratory. 

[4.588 x 10* sec.] 

The life - time of a pion moving with velocity 0.8 c appears to be 2.5 x 10' 7 sec. 
Calculate its proper life - time. [1 x 10" sec]. 

A rod is moving with velocity 0.6 c relative to an observer in the laboratory. Its 
length in the direction of motion appears to be 1 metre. What is its proper 
length? [1.25 m] 

A spaceship is travelling at a speed of 0.8 c. Find the contraction of length 

observed as a fraction of its proper length. , l®** or y 

Th^ average life - time of a u meson when measured at rest is 2.4 x 10 6 sec. What 
average distance would it travel before dying as measured in the reference fra 
s which Its velocity is 0.8 c. Compare this distance with the distance which 

t the meson sees travelling through by itself. Take c = 3 x 10 m/s. 

[960 m, 576 m]. 

A collimated beam of pions leaves the target of an accelerator a speed of 

are h ha,f ,ife of pions is 1.77 x 10‘ 8 sec. which is measured in#en"itv o[”the 
re brought to rest. Find at what distance from the target, the ,ntens q™ m i 

will reduce to half. Take c = 3 x 10 8 m/s. . . , 

mea<! Ve ? 9e " time °* muons stopped in a lead block ,n ® found in the 
SS2 1 to ^ 2.3 x 10-* sec. The average life - time of £%S sec. 

Find the c C °11 ,ic ra Y s observed from the earth is measured [0.866 c]. 

Th. peed of th ese cosmic ray muons. average dis¬ 

tance would *? 0per life ' tlme °* a R meson is 2.3 * 1 measured in the reference 
would it travel in vacuum before decaying as measureo 
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which its velocity is 0.9 c? Compare this distance with the dbt^ 
travpllinn throuah bv itself. Take c - 3 x 10 /s. [B.U. April i<J 


[0.9896 c 

jship is measured to be exactly half its proper length rJ 
the spaceship relative to the observer? (b) What k\i!' 
lip's unit time? [B.U. April 1988, Oct. 1993] 


frame in wmcn 113 vc 1 wt. 11 / » -• - v _ 

meson sees travelling through by itself. Ta [1424 1 ^' ^1) 

What is the life of n mesons travelling with (3 = 0.7V. What-distance is travel^ 
at p = 0.73 during one mean life? The proper mean life is 2.5 x 10*8 Se ^ d 
Take c = 3 x 10 8 m/s. l B - u - A Pril l 9 8 ^ 

[Note : P stands for - in general] [3.658 x 10 8 sec, 8.0121 m] 

The mean life - time of |i mesons stopped in a lead block in the laboratory j 
measured to be 2.3 x 10 -6 sec. The mean life of the high speed p mesons i n 5 
burst of cosmic rays observed from the earth is measured to be 1.6 x 10* 5 sec. pjJ 
the speed of cosmic ray p mesons. [B.U. April 1984, Oct. 193 * 

[0.9896 c 

The length of a spaceship 
What is the speed of the 
dilation of the spaceship's 

[(a) 0.866 c (b) it is doubled] 
Two spaceships each of proper length 100 m pass near each other headinq in 
opposite directions. If an astronaut at the front of one ship measures a time, 
interval of 2.50 x10 ‘ 6 sec for the second ship to pass him, then (a) what is thi 
relative velocity of the spaceships? (b) What time - interval is measured on th. 
first ship for the front of the second ship to pass from the front to the bark i 
the first ship? Take c = 3 x 10 8 m/s. [B.U. Oct. 1982] 

[(a) 3.965 x 10 7 m/s, (b) 2.523 x 10 * 6 sec] 
A circular loop having diameter 100 cm is at rest in X' - Y' plane of the frame*' 
Find out its diameter in the direction of X - axis and Y - axis as observed bv the 

O^r^lonn f® ^Ta/u K r< r lat [ ve [° which the frame s ’ is moving with velocity 
(X 8 c along X - axis. What is the shape of the loop for the observer in the frame 

a , u- , . . [ 60 cm, 100 cm, ellipse] 

lonotlf m on 9 is ™ ov ing with velocity 0.8 c relative to you Find the 

length of the shrp as measured by you. How long will the ship taketo paTyo“ 

e ~ m/S .„ lk [600 m, 2.5 x 1 O^sec) 

? 0 8 m/sTmiu l h R n a b rt r f°' y ° bSerVe! ‘ hat an atom moving with a velocity 2 » 
m/s relatto to tKe P ltom ll l e same , dir «ction with velocity 2.8 xlO* 

oTcand t 0 0 9V e resDect!velvf P U V tiv» a , mp ]h in °PP,osite directions with velodfles 
relative to the other electron. '° the Sample ’ Fln d velocity of one electro" 
A . I 0.9884 cj. 

reference attached to® 'iaborato^y'^H^firds that°a n/V r , elative t0 a 
with a velocity 2.998 x 10 8 m/s What is th» v 1 ^ particle is approaching hi" 

the laboratory frame? Take c *3 x Ve oclt ^ ° f ^2963x7^ 

c ‘ al0 "3* w 

f -0 9459 cl “userver. calculate their relative velocity 



Two electrons move away from each other with . 1 ,. . i 

same line relative to an observer. Calculate their S velod/y f 0 99?5. 

23 ‘ movlrf^with'a TeZfy ^ m a 'aboratorv fral. A photon 8 

the velocity of the photon relative to the efectron ^ the ’ aboratory rame * [^1 
An observer finds thdt two photons stg snnrnArhinn u «.l •t-u the 
velocity c. Find the velocity of one photon^elatle to the 0 ?her photon I' d 


t- 

li¬ 

ft 

30. 

31. 
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25 


r„i 26. 


27. 


__ T^rsoecialT heory of_ Relativity 


TlVO spaceships are observed from the earth to be approaching each other with a 
T X-itv of 0.5 c each. With what velocity is each spaceship approachinq the 
other as seen from either ship? [B.U. Oct. 1983, May 1993] 9 

[-0.8 c] 

two spaceships are observed from the earth to be approaching each other with a 
w^iocitv of 0.6 c each. With what velocity is each spaceship approachinq the 
other as seen from either ship? [B.U.' April T987] 

[-0.8824 c.] 

A source of light emitting light of wavelength 5893 A is receding from an 
observer with a speed of 0.5 c. Find the wavelength of light as observed by the 
observer. t [10220 A ] 

A source of light emitting light of wavelength 6000 A is approaching an 
observer with a speed of 0.8 c. Find the wavelength of light as observed by the 
observer [2000 A] 

_ Find the shift in wavelength due to longitudinal Doppler effect for sodium Dt 
Hop (5896 A) when the source and the observer are approaching each other at a 
relative velocity 0.6 c. [ 2948 A] 

, n Find the shift in wavelength in Doppler effect for [igh|; of wavelength 6000 A 
omitted bv a source moving along a circle with speed 0.8 c relative to an 
observer fixed at the centre of the circle. [ 4000 A] 

n A spaceship is receding from the earth at a velocity V. Wavelength X= 1216A of 
3 * u |t r aviolet rays on the earth appears to be X = 3648 A to the observer in the 
spaceship. Find the velocity Vof the spaceship relative to the earth. [ V = 0.8 c] 

FOOD FOR THOUGHT 


1 . 


J 2. 


3. 


4. 


Thus the theory is, in a sense, profoundly conservative; the principles that have 
been found to hold for dynamics are stated to hold for the whole of physics. The 
special theory of Relativity is a necessary consequence of any assertion that the 
unity of physics is essentia!, for it would be intolerable for all inertial systems 
to be equivalent from a dynamical point of view yet distinguishable by optical 
measurements. It is now almost incredible that the possibility of such a 
discrimination was taken for granted in nineteenth century. 

- Hermann Bondi 

•jjr * x # V 

The Relativity theory arose from necessity, from serious and deep contradictions 
in the old theory from which there seemed no escape. The strength of the new 
theory lies in the consistency and simplicity with which it solves allI these 
difficulties, using only a few very convincing assumptions.... The old mechanics 
is valid for smafl velocities and forms the limiting case of the new one. 

[Evolution of Physics] . , ...... 

-Albert Einstein & Leopold Infeld 

The illusion which prevailed prior to the enunciation of the Theory of Relati¬ 
vity - that, from the point of view of experience the ^. e / an !"9 of s ' m tJ>taneity in 

relation to spatially distant events and, c Jp n J e S uen 5 Y' . h f h f, rt that in^our 
physical time is a priori clear - this illusion had its on 9 'njn the fact thaUn our 

everyday experience we can neglect the time of propagation o g • « 

xALJonSAccount to fail to differentiate 
seen* and "simultaneously occurring", and, as a result, the difference bet 
time and local time is blurred. _ Albert Einstei n 



C . • • 


# Jf # # V 
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unw physical process can be repeat J . Albert Clm 

[Evolution of Physics] 


Albert Einstein fir Leopold Infeld 


To use a comparison, we couldsay ^nUrp^e^^ rath2 like 

^Mtrnvina inold bam and erecting • **2i£?vlews discovering unexpected 
dlmblng a mountain, ^ Jt5 ^ch environment. lJut the point 

comwctlons between our 23 can be seen, although It appears 

a."X^'Sf&- — 9I,ntd by **•* m " ,wy * *• 

obstacles on our adventurous way up. Einstein fir Leopold Infeld 

(Evolution of Physics) * • ' • 

_ U1 . Aittnar in the dinina car of a moving train. From 

Let us consider a man' £*58,!? ^Mwafter he eats his appetizer and his dessert 
the point of views of tte lining* car thewirK iow). But from the point of view 

SSSsteaKT'-' 

*£ftJol&JbsXtn in a different state, or in different states of motion. 

In view of the desired space * time equivalence, replace in the above sentence 
the word "place" by the word "moment" and vice versa. The sentence will now 
read : The two events occurring at the same moment, but at different pipces, trow 
the point of view of one observer will be considered as occumng at different 
moments if viewed by another observer in a different state of motion. 

In application to our dining - car example, we would expect that whereas the 
waiter would swear that two passengers sitting at opposite ends of the car 
lighted their after • dinner cigarettes at exactly the same moment, a switchman 
standing still on the track and looking through the windows as the train moves 
part him would insist that one of these gentlemen had done it before the other. 

Thus: Two events considered to be simultaneous from the point of view of one 
observer will from the point of view of another observer be separated by • 
certain time interval. 

[ One, Two, Three ... Infinity] 

* * * » * 


- George Game* 

If you consider the matter further you will also easily realize that each physical 
object has four dimensions, three fn mace and one in time. Thus the house In 
which you live extends somuch In length, width, height and time, the Ust 
extension being measured by the period of time from the date that house wU 
built to the date It will finally bum down, or be taken apart by some wreckW 
company or disintegrate at the end of an advanced old age/ 7 

- George CanW* 


’ t » » e 

From this we conclude that in the Theory of Relativity the vefodtv c olavs the 
part of a limiting velocity, which can no&her bo mal3^nwS2rtJSlK W 
real body. — According to the Theory of ReUtMtv the iStlS^ata dlsbi e 
with the velocity of fight always takes the place action** * 

distance or of action at a distance with an Infinite velocity of transmission. 

- Albert Einst& 
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TT, tivjly has shown generally the role which the universal 
,.i theory, o' " e ' f ,j h 7 t) p| a ys in the laws of nature and has demonstrated 
Sp* J n t c (^^'^iocp connection between the form in which time on the one 

S tbefC ®he lS spati°l c°- ordinates on the other hand enler into the ,aws of 

j^ture. - Albert Einstein 

***** 

,i-riv obtain particles of velocities approaching that of light in 
We reguiamy d r t6which jt | s necessary to take account of corrections 

^^T'il bv the Sp^ial theory of Relativity. 

introduced by me H _ Louh de Broglie 

* * * * * 

•-I thporv of Relativity has led to a clear understanding of the physical 
T he specia y and t|me a ' d jn connection with this to a recognition of the 

c 0 !I Ce fn..r of movinq measuring rods and clocks. It has in principle removed the 
b" of absolute simultaneity and thereby also that of instantaneous action 
c f nC Sr/tance in the sense of Newton. It has shown how the laws of motion must 
be"modified "in dealing with velocities that are not negligibly small as 
compared with the velocity of light. 


12 


* 


* 


* 


- Albert Einstein 


s ?»s? 
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In this chapter we shall develop Relativistic Mechanics, w 
have seen in the first chapter that the laws of Mechanics such l 
Newton’s laws of motion, the principle of conservation of momen 
turn etc. are invariant in all inertial frames of reference under 
Galilean transformations. 


In the second chapter we learned that Lorentz transformation' 
equations are the correct transformation equations for invertial frames 
of reference and they should replace the Galilean transformation 
equations. According to the first postulate of the Special theory of i 
Relativity all the laws of Physics including the laws of Mechanicsf 
and Electrodynamics should be invariant in all inertial frames of 
reference under Lorentz transformations. 


Y J 


Now, the laws of Electrodynamics are invariant under Lorentz 
transformations as we have observed in the second chapter, but the 
laws of Mechanics are not invariant under Lorentz transformations. In 
the present chapter we shall strive to make the laws of Mechanics 
invariant under Lorentz transformations. For this purpose we shall 
have, to generalize them, modify them from their classical form. This 
modification should be such<that they reduce to their classical fori"I 
for small velocities as compared to the velocity of light c. 


First we shall take up the principle of conservation 01 
momentum. In order to make it invariant under Lorentz transform* 
tionS/ as you will see, we shall have to give up the absolutism ° f 
mass i.e. Constancy of mass. (In Classical Mechanics mass of a bof 
remains constant eternally for all observers) We have alf®^! 
accepted the relativity of simultaneity, space and time in the set 01 " 
chapter. Now we shall have to accept the relativity of mass in W" 
to make the principle of conservation of momentum invariant. I" l ! 
process we shall get an expression for the variation of mass 
velocity which would be analogous to the expressions f° r 
variation of length and time-interval with velocity. 
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. T0 derive an expression for the variation of mass 

WITH VELOCITY: 


a) 


Onij 
ialfj 
omj 
thet 
ledi 
’am 

K 
W 

$ 
rt 
in 
* 

, f ' 9 ' 3 ihiframes' (by nS’.SSSwT,by d theIMheframe 

Let us consider two exactly identical bodies A and B, each 

. . Let US C m in thp frame s' fFiq 3.1 (a)]. They are moving in X’-V 
having mass m in the rrame j. iny. ->• j 3 . • 

I plane towards each other with velocities which are equal in 
j magnitude but opposite in direction. 

-(1/2)*, - {u ' 2) y •f; 1) 

The bodies undergo a perfectly elastic collision. T e co ^ision 
is highly symmetric for the observer in the ,ra ™? s - nse ^, atio n of 
momentum of the system is zero. By the P"" CI P |T)ust be zero. 
‘ momentum, the total final momentum of t e Y ma g n itude, 

"Nice the final velocities of A and 8 also are equal in magn 
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opposite In direction [Fig. 3.1 (a)]. Moreover, since the colli,' 'i 
perfectly elastic the total kinetic energy of the system remain 011 i 
same. Hence the final velocities of A and B have the same matin* V 
as their respective initial velocities. 3 'N 

(v,), - ( 4 )„ (v’)« = (c/ 2 )„ , , 

( v i)k 4 ' WV (vj) K = * (ui)y ...» 

Thus due to the collision, only the directions of th* 
components of the-yelocities of A and B are reversed whereas the* ^ 

components remain tffe same. he,r 

Applying the principle of conservation of momentum in „ 
direction, since no external force is acting on the system, n y 

momentum gained by the body A=momentum lost by the body & 

. m ( v l)r~ m (« , 1 )y =• m (u' 2 )y - m (v' 2 ) y 

By equations (3,2), 

{Vjy = - («/| >y*r ( v 2 ) y = - (l/ 2 )y. 

Hence the above equation becomes 
-m m («•,), = m (u’ 2 ) y + m ( 0 y y 

2m (u'i), = 2m (u' 2 ) y 

!* mW) » = - (“2)y 

momentumtoy* ‘"direction 1 retaUveto the^me s? COnServation ol 

- let the same collision be observed 
relative to which the frame V k 1™° by " observer in the frame! 
V along X - axis. S 15 mov,n 9 with uniform linear velodt) 

let us select V in such a way that 

" ( u 2>x 

...(3.4) 




Blit 


By 


m 


V = 


Hence, the body B is static ...(3.^) 

direction before the coliision and Z r *‘f ,Ve t0 the ^me S in X 
in Fig. 3.1. (b) i.e. (u 2 )„ = o and (v \ a ,! ter tbe collision as shown 
direction before and after the collision' ^ ** ^ as ve * oc, ty on ty ,n ^ 

. Lorentz transfbrmLons'oTTel^ ^ t0 the frame J.« 

"yV^lT 


E( 

of mo 
first p 
foe sa 

I 

«quai 

s; 

V 

of C( 
%\ 


4 « 





H 
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, V(ui), 

<? 


(3.5) 


(«2) 


4 


? 


’-77 




0 

(^ 2)1 



1 - 


By equations (3.S) and (3.6), equation (3.3) becomes 

= - m (u 2 )y 


...(3.6) 


(ut), 


m 


, V( U] ) X 



i-§ 


t; 

I* 


m(iii), 


, vein). 


= " m (U2)y 


...(3.7) 


Equations (3.3) and (3.7) represent the principle of conservation 
)n of Of momentum in the frame S' and 5 respectively. According to the 
irst postulate of the Special theory of Relativity they should have 
imej sarne form. But they do not have the same form. 

locil) In order to make the form of equation (3.7) same as that of 
equation (3.3) we assume that the two bodies A and B do not have 
tne same mass in the frame S. Let their masses relative to the frame S 
mi and rr ?2 respectively. According to the first' postulate of the 
(3.4) Special theory of Relativity, the equation representing the principle 
j(. °f conservation of momentum in Y - direction relative to the frame S 
girt mus * have the same form as the equation (3.3) 


a 


k 


, e * m 1 (U])y = * m 2 ( U 2 )y • 

Hh. _ ( u 2)y 

m 2 ’ (ui) y 

Taking equation (3.1) 

(u\)y = - (U^)y* 

®y equation (3.5) and (3.6), this equation becomes, 


...(3.8) 



■ (u 2 )y 
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" My 


1 


, VM* 



Hence equation (3.8) becomes, 

mi 1 

rn 2 


.-. mi = 


, V^(ui) x 

m 2 

, V( 01 ) X 
1 —?“ 


•fti 


Now, we shall express V in terms of (ui ) x as follows : 
By equation (3.4), 

v = -(U 2 )x = (u^ according to equation (3.1). 

(hkz V 


V/ = 


1 - 


V(u } ) x 


V - 


y 2 


= (Wl)x-l^ 


. \ft-2V» (u } ), 


= 0 


••• (U])x V 2 - 2c 2 V + ( U] ) x c 2 = o 
This is a quadratic equation in V. 

Form of the equation : ax 2 + bx + c = 0. 

■b±V^T 


.*. x = 


\ V = 


2a 


+ 2c2±^d-4( U ,)J C 2 


2 (III), 


2c 2 ± 2c 2 




(^i)i 


2 (^i), 


fWi: 






». 2TJ SIT "• 9, ““ ' H ~* ~ *•»»—* 


mm-,, i t 

? 

»« **** 


^ •; k v. 

V * 
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C2-C 2 


•. V = 


£ 

fa). 


( U })1 


"i 




(ui)i 


(ui), 

Substituting this expression for V in equation (3.9) we get. 



Since this equation contains only X - component of velocity we 
shall now consider the motion in X - direction only. Then the body B 
is stationary relative to the frame 5. Hence its mass r$2 = m o called 
its proper mass or rest mass. 



CVhe body A is moving with velocity (ui) x . Hence (its mass mi is 
varying with respect to its velocity (ui ) x j 

If ( U] ) x = 0, then m 1 = m 0 . i.e. if the body A also is stationary in 
‘he frame S, its mass equals its rest mass or proper mass which would 
he the same as that of 8. When it is moving with a velocity u its 
roass is given by 
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Remark*: 


i) 



As the velocity of a particle u increases, the denominator 

decreases and the mass of the particle m increases i.e., a$ iu 7 
velocity of a particle increases its mass goes on increasjp * 
Hence the proper mass or rest mass is the smallest mass of 
particle. Mass is not absolute but a relative quantity. 


• • \ 

•') 


11 


I 


As v u ->c, m -> 00 . Hence a particle can not attain the velocity 0 f 
light. This happens because as the velocity of the particle 
increases its mass also increases. Hence its inertia increases and 
it becomes more and more difficult to accelerate the particle 
upto the velocity c = 3 x 10 8 m/s. 

\ u u 2 u 2 I —3 

1 ) » u > c then > 1 , 1 - ^7 become negative and ^ 1 -jJ 

becomes imaginary. But then m also becomes imaginary. This ii 
not possible in nature. Hence a particle cannot move with a 
velocity u greater than the velocity of light c. 

Thus a real body can neither attain the velocity of light nor 
travel faster than light. Once again we come to the conclusion 

^. thC ve , ,oc . lty ? f ,ight c = 3 x 10 8 m/s in empty space is the 
limiting velocity in the universe. 

mo . , 

has been verified experimentally for 


iv) The formula, m = 



1 - 


comDa«bl e ea ^.h°/h eleC i r0 " S m0Ving with differ ent velocities# 

r P o a b b e rlr Ve 0C,t ^ °' light c For beam, the ratio 
e/m of the charge to mass of the electrons is determined in usual 

expenments involving the deflection of the elearon b«* 

le%ed that th n e°l eleCt r riC K and 't has bee# 

anrf ‘ h 0f the electron varies with its velocity 

and the variation occurs according to the above formula. 

3.2 RELATIVISTIC DEFINITIONS QF MOMENTUM AND FORCE: 

Relativistic Momentum : If a particle is moving with a velocity 
then its relativistic momentum is defined as 


m , u * 


m 0 




where m 0 is the rest mass of the particle. Its components along 
and Zraxes are as follows : 
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5 0*** force : 

B y Newton's Second Law of motion. 




d_ f m 0 _»] 

This is the relativistic formula for force. 

Note : In Classical Mechanics, m is constant and hence 




—» 
m . a 



y 


I 

f 

i 

* 


Thus ~p = m ~a is the formula for force in Classical Mechanics 

but not in Relativistic Mechanics. 

3.3 MASS-ENERGY RELATION: 

Let us consider the formula, 



Since £ is always positive, « alwa V s less than 1 and hence 

™ is always greater than mo i.e. when a particle is in motion jl^^all 
becomes greater than its rest mass. For example a mo g . Qn . |$ 
has more mass than the same ball when at rest. out 0 f 

F rom where does this extra mass come. It ca partic | e *, n 

nothing! The difference between a pa^de at rest a ^ ^ kinetic 
m otion is that the moving particle has kineti 9 * mass 0 f the 
energy must be appearing as mass due to which the m 


Scanned by CamScanner 
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L 



moving particle becomes greater than its rest mass. This c 0n , 
deration leads us to conclude that there must be. some connect 
between the energy and mass. In what follows, we shall obtain t? 
connecting relation between the energy and mass. 13 

Derivation : 

Let us consider a free particle which is stationary relative to 
observer. Let its mass be mo . n 

A force F directed along X - axis acts on the particle due to 
which the particle acquires a velocity u along X - axis relative to th e 
same observer. Let its corresponding mass be m so that 


m 




Work done by the external force = j F dx 


'•e. E k = J Fdx 


) 




J (m du + u dm ). u 


= Imudu+ju^dm 

Now, m = —^2— 
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>$■ 




% 

*0i 


ediu 

k'mj 

ce. , 


= mo 


± f , ti2v 1/2 

* v 1 ?; 




= m 0 


[?('•?)"] 


m 0 u 

~u^m 


OS) 


mo 


u 


mu 


V^f >('•?) 

mu du = (c 2 - tv 2 ) dm 

Equation (3.10) becomes. 


E k = j (c 2 - u 2 ) dm + j u 2 


dm 


m 


j (c 2 - u 2 + u 2 ) dm 


m 0 
m 

j c 2 dm 
m 0 

m 

c 2 J dm (v c is constant) 
m 0 

c 2 (m - m 0 ) 


.(3.11) 


E k 

**? 


m - mo ^ 

This equation shows that the kinetic energy of the particle can 
be expressed as the increase in the mass of the particle over its rest 
mass. i.e. energy can be expressed in terms of mass on dividing the 

h energy bye 2 . 

Conversely, (m - mo) c 2 = E k 

This equation shows that mass can be expressed in terms of energy on 
multiplying the mass by c 2 . 

Hence the rest mass m 0 of the particle also must be associated 
w, th an amount of energy moc 2 called its rest energy. 
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* Now when the particle is in motion its total energy £ is ^ 
of its rest'energy and its kinetic energy. 

i.e. |f = 

s moc 2 + c 2 (m - m 0 ) by equation (3.11) 

= moc 2 + me 2 - moc 2 
= me 2 

Thus the mass-energy relation is 


\\ 


£ = mc u 


Discussion: 

i) 


0 


ii) 


) 


The equation, E = me 2 is one of the most famous equations of 
Physics. It was originally derived by Einstein who considered if 
to be the most significant consequence of his Special theorv nf 
Relativity. 1 

The equation, £ = me 2 shows that mass and energy are equivalent 
quantities. Mass m is equivalent to energy £ = me 2 . Conversely, 

energy £ is equivalent to mass m = ~,. Hence it is possible to, 

in the unUs of . energy and energy in the units ol B 

Eneravhasma n ° ® ssential distinction between mass and energy. 
Energy has mass and mass represents energy. 

^^eiy small'mass mV 0 '* rn2 ^ s2 . ,s tremendously large. Hencea 
enerqy £ - m , 2 ”jr * COmes ® t,ulva,ent to an immense amount ol 
pS enerov foV^L J ,mple '. 3 mass of 1 9m is sufficient to 

people for one day' ln facuhe con^* in 3 dty ° f 0ne milli0n 
the source of enerqv of the converslon of mass into energy # 

»«, h ««„ “ S'“””T " 

■ vtTh. ina|M , s lh< -J 

sion of energy into I 


% 

disc 


sion of energy into mass arm^ ^ 

A : I 2 • ^ ,n 9 *° equation m s ? I, 

Again since c is tremendously lamp i to l r - 

energy E has an extremely small w ? C the mass m equivalent 
form such as kinetic energy! he" e^' The , ener ^ can be '"'ll 
on. For example a moving cricket bal?h 6 ectr,cal ener ? y 
ball when at rest. A heated piece nf • ha ? more mass tha u 

same piece when cold. But the exc^° n h3S m ° re m3SS tha is t°° 
small to be detected^ CXCess mass every case « 
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h S* 

%, 

'fluivu, 

'Wetsij 

ssibln 

unto A 
I enerj' 

i 


. X'i it * • * • * 

.< * " 

> . | 

/ J* -• 

/•# •«*.-* . 4 *. * 

/j y »r 1 •* ** *%•.,. ••••••*•• 

'/7* _•« • ^ «-*- . i. 



^T. -JT -o,--'/v-g *£'('.• • 

'W&Zy" 

\ - * • * ' ' 



-lencei 

lounte ' T 

cienlt 

1 fl* Hg 3 .2Converslon of mass Into energy In atomic and hydrogen bombs 

" e t in fact, this mass which is equivalent to different forms ot 
1IC ,j. energy has all usual properties of mass such as , 9 < 

7* discreteness etc. 

* If an adequately large amount of energy is made available in 

. concentrated form then practically it can be converted into mass a d 
new particles can be created. In 1932, C. D Anderson found that 
„ -A actually two particles, an electron and a pqsjtron, could be produced. 

I j[2HL th e energ y of a gamma ray photo n. 

Conversely, It has been experimentally observed that„an^l e< “tron 
Jt >Hllpositron annihilate each other and produce gamma ray photons^ 
jjfii ,e * roass can be converted into energy. 

fit v) H Is observed in Nuclear Physics that mass oQ ^nucleus is, 
uP slinhtiu io SS t h an t ^ e tota j maS s of the particles forming the 

msSWSSSnsaBSS mSsTdiftct The energy equi- 
mass defect is called binding energy. This energy is 



i! 
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.__ —— - :— 

rponsible tor blndlngrte nucleons together-nto the nu ^ 

binding'energy the greater is the stability of the nucleus. 
wan to break up the nucleus into the constituent particles" 
have to supply an amount of energy equal to bmdmg enej 
from outside. 

vi) In Classical Mechanics we have two separate principles of COr)> 
servation viz. (a) Principle of conservation of mass and (b) p rir) 
ciple of conservation of energy. In Special theory of Relativity 
there is no difference between mass and energy. Energy has mass 
and mass represents energy. Mass and energy are equivalent and 
one can be expressed in terms of the other. Hence in Relativity 
the two principles of conservation merge into one conservation 
principle, namely, the principle of conservation of mass -energy, 

Problem : A body of rest mass mo travelling initially at a speed of 
0.6c makes a completely inelastic collision with an identical body 
initially at rest. What is the speed of the resulting single body? 

Solution : 

When the first body is moving with velocity 0.6 c its mass is 
given by 



P 


£■ 


m = 


m 0 


m 0 



v 


— u 2 




0.36 


mg 

0.8 


.*. Initial momentum of the first body = mu = 5% x 0.6c 

O.o 

3m 0 c 

“ 4 

Initial momentum of the second body = 0 
Total initial momentum of the system = p, = 


v. 


Let the velocity of the resulting single body be 
corresponding mass be M. 

Final momentum of the system p, = Mv 

By the Principle of conservation of momentum, since no 
force is acting on the system, 


Let its 


Note:' 
resulting 

M 

By 
mass vs 

M 

In 

Princif 

Princi, 

M p 
/ 


■ ^ s 

extern 3 ' h 


i.e. 


Pi 

3moC 

4 


= Pi 
= Mv 


Total energy of the first body 
Total energy of the second body 


me 2 = 


= mo? 
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+ m 0 c 2 



Vi 

S 


Of, 

f) 

s 

s 

s 

S 

% 


¥ 


. Total initial energy of the system = 

I * 

Total final energy of the system 
By principle of conservation of energy, 

ft 


= h 


!Bf + moc 2 = Mc2 
M. = mo 




... Equation (a) becomes 
3 m 0 c 9 mp 
T“ ” 4 v 

c 

•• v = 3 

... Velocity of the resulting single body 


moc 2 

f ’ = XT 
f 2 = Me 2 




Note : You must have noticed in the above problem that mass of the 
6 resulting single body comes out to be 

M — ^ — 2.25 at7q # 

By principle of conservation of mass of Classical Mechanics this 
mass would have been, 

< M M = mo + mo = 2 mo- 

In Relativistic Mechanics there is no separate conservation 
principle for mass and for energy. They merge into one conservation 
principle of mass - energy. 

3.4 PHOTONS AS PARTICLES WITH ZERO REST MASS : 

According to Quantum theory, a photon of frequency v has 
[t\ energy given by 

e = hv where h is Planck's constant. According to the Special 
theory of Relativity, this energy is equivalent to mass m such that 


/ 6 = me 2 
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A photon always travels w i th velocity c jn^ empt y $ pac 
momentum Hlfie photon is given by 



p = m 


Moreover, 


m = 


. c = 
m Q 


/tv 

c 7 


/tv 


c = T 




mo = m \f 1 




Now, as we have seen, a photon travels with velocity c in Pm , 
space and it has a finite mass i.e. for a photon, u = c and m is finite^ 


m x 0 = 


0 


m Q = m r\i | - ^ 

Thus the rest mass of a photon is zero. 

According to the second postulate of the Special theory 0 | 
:ivitv. the vp hr tv nf linht _. _ K “ 01 


Relativity, the velocity of light in empty space has one and the* 

value c= 3 X 108 m/s relative to all inertial frames of reference, 
ence the photons travel in empty space with one and only one i 

fArtuaUv ^ ^ m/s relative to all inertial frames of reference. /' 

4 tHp!l ^ Th h fh‘" n ;~~ erlLa Llrame in which a photon would be 
-- ; -—— - • - e -- ^i L 1 ! 1355 . ?f . . Gj20t0Q s is an unobserved quantity. 

3.5 RELATIVISTIC KINETIC ENERGY : 

relati'vistic C ki 0 ne,ic ene W rgy haVe ***** ‘ he eqUati ° n (311) ^ 


i.e. £* = c 2 (m~m 0 ) 


= c l 


m 0 




me 


= m 0 c 2 


- 1 


Thus the expression for the relativistic kinetic energy is 




1 n 

--— . 1 


^ ] 



S . 

■ ; • 

• „ 
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oelativity/ we should always use the above equation for 
in R ene rgy. The following equation 


_ •=■ mu 2 = 0 


m 0 


h 5 2 






t? 

? 


hich is obtained using the ideas from Classical Mechanics and 
Relativistic Mechanics is no longer true in Relativity. 


s 


'to.' 


II) As Ji 


c _> oo which is not possible. Hence a particle cannot 


U 4 


Dry ( 


attain the velocity of light. 

U 2 / fi ^ 

Moreover, if u > c then ^r> 1, 1- becomes negative and 1 

becomes imaginary. But then E k also becomes imaginary. This is 
not possible in nature. Hence a particle cannot move with a 
velocity u greater than the velocity of light c. 


fens 


Thus a real body can neither attain the velocity of light nor 




travel faster than light. The velocity of light c = 3 x 10 8 m/s in 


rei)2' 


empty space is the limiting velocity in the universe 


J. iii) In the following, we shall investigate whether the Relativistic 
~ expression for Kinetic energy reduces to the Newtonian expre¬ 
ssion for kinetic energy for small velocities. 


ji$ 


The Relativistic expression for kinetic energy is 

1 


E k = m 0 c 




- 1 


] 


...( 3 . 12 ) 




By Binomial Theorem, 

1 n ( n ** 1) _ n _2 w 2 j. 

(o + x) n = a n + na n " 1 .x+ 2 

. (4) m" (?) * •“““ 


H) 


U 4 


1 

S: 


higher powers of 
u 2 

= , + | £ + terms in higher powers of ? 


k 

i 



iii 




m 


!!tl 




r 


• 1 




jm 

11 


1 




■ 1 


\\ 


ji 

|l 


,1 


1 


»(!: 

a 


it 
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. .J„,h»nirs we deal with the particles 
Classical _ Meehan cs we 


S 


H 


i it 
1 + 2 ? 


in Classical Met ' ,a, " h velocity of light, 
velocity o much less than the velocity 9 

u , 

i.e. u«c c « 1 ' 

Hence the terms in higher powers of £ becomes negli gib | e 
comparison with the first two terms on R.H.S. 

/. u2y ,/2 

v 

Hence the equation (3.12) becomes, 

E k = m 0 c 2 [l + 2 <? ‘ 1 ] 

= m 0 c 2 [1 ?] 

= j mou 2 

This is nothing but Newtonian expression for kinetic energy. 
J<6 RELATIVISTIC RELATION BETWEEN ENERGY AND MOMENTUM, 

(E 2 = p 2 c 2 + m^c 4 ): 




) 


In Relativistic Mechanics, 

E = me 2 

mpe 2 




...( 3 . 13 ) 


= mu 
m 0 u 


V 


1? 

? 


...( 3.' ( 1 


1 ‘ 71 


In order to obtain relation between E and p we shall 
the common variable quantity u as follows : 

Squaring both sides of equation (3.14), 

7 




m 2 0 iA 
, u 2 

= miu 2 
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^ p 2 ^ - p 2 " 2 


* 


\ 


= m 2 oU 2c2 
u 2 (ml c 2 + p 2 ) = p2 f2 

.*. u 2 - = 


isr 


= ~ ^ c2 ~ 
m oC 2 + P* 

Squaring both sides of equation (3.13) 
m 2 0 <4 

52 = r 17 

Substituting the value of u 2 from the equation ( 3 . 15 ), 

mnC 4 


...(3.15) 


9 = 


1 '? 


2Z 


ml c 2 + p 2 


% 

Wfc 


J 


™o c 4 (mj c 2 + p 2 ) 
ml c 2 + p 2 - p 2 
= c 2 (m 2 c 2 + p2) 

= p 2 c 2 + moC 4 

Thus the Relativistic relation between energy and momentum is 


£ 2 = p 2 c 2 + m 2 ( 4 


A Mnemonic Device : The above equation can be remembered usinq 
tne following mnemonic device (Fig. 3.3) : 

(J ! Let us represent geome- c 

trically the total energy E by 
the hypotenuse AC, the rest 
* ener gy m 0 c 2 by the side AB and 
Pc by the side BC of the right 
t an gled MBC. 


ren\ 


Then by Pythagoras' Theo- 







A <? = AB 2 + BC 2 . 

J 

I 

Fig. 3.3 A mnemonic device to remember 

'**. * ml c 4 + p2c 2 . 

Relativistic relation between 

| & = P 2 C 2 + /T7oC 4 . 

energy and momentum 
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3.7 TO DERIVE THE EQUATION ^ = u : 

The Relativistic relation between the energy and momentum iS; 

£2 = p 2 c 2 + n?o & 

Differentiating both sides with respect to p, 

d_ 

dp 


iv 2 ) = s<P* «*> + !&"0«*> 


dp 

••• [*< e2 >] I 

. OF ^ 


=c 2 Tp ( p 2 ^ 0 


= 2PC 2 


dE 

: 'dp 


St _ 

£ ” 


mac 2 


mc< 


= a 


d£ 


Thus, we have ^ = a. 

Note : It is interesting to note that the same equation is valid fora 
free particle in Classical Mechanics. 

For a free particle, the total energy is its kinetic energy. 


i.e. E = E k 


1 2 ntu 2 p 2 

2 2m 2m 


Differentiating both sides with respect to p, 


dE 


-( 


dp 

dE 

<p\ 

.2m; 

i.e. 

dp 

= 

u. 


_ 

2m 


= £ 
m 


ma 

m 


= u. 


3.8 LONGITUDINAL MASS AND TRANSVERSE MASS : 

A force p is acting on stationary particle having resting ^ 


be I 


m 0 . The particle attains a velocity Let its corresponding mass- ^ 
m. Then by Newton’s Second law of motion, 


-> 

dp 


= dt 




= dt 


mu 
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Now, total energy E of the particle is given by 
£ = m 0 c 2 + E k ' 


me 2 = moc 2 + E k 

Ek - 

m = mo + -g 


Ik 


) 

>» 


Differentiating both sides with respect to t, 


dm 

dt 


dmp 

dt 




n 1 dE k 

0+ F W 

1 dEk 
c 2 dt 


Now, dEk = change in the kinetic energy of the parfi^e. ^ 
= work done by the external force on the' particle 

= dW = p • dr • 


dm 
’* dt 




F • dr 


dt 


= ?f 


dr 

dT 


= ? 


/_ 




A 


u 


J 


Equation (3.16) becomes 



F • u 



u 


i 
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•• a 


F 

m 


— > — > ^ 

F * u 


V 


1 


me 


-r> 

u 


•( 3 . 1 ?) 


This equation shows that in Relativistic Mechanics t he 
acceleration o is not having the same direction as the force 

the second term is having the direction of the velocity ^ o| 


because 


$ 


the particle (In Classical Mechanics f = ma ■ Hence in every motion^ 
0 

the acceleration ~o has the same direction as the force p ). However, 
there are two cases in which would have the same direction as p. 


Case I : When the force ~p is perpendicular to the velocity ~J 


^ = Fu cos90° = 0 


The equation (3.17) reduces to 


-> 

a 

i.e. ~p* 


F 

m 

ma 




m 0 


V 


717 ° 
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force and hence the acceleration are perpendicular to 


! . i.e. perpendicular to the direction of motion. Hence 

y he vel° c,i y w 

above equation is written as 

j rf* 8 m 0 _> 

t - 

h 




a± 


-•0 


In the sense of Classical Mechanics the quantity 


m 0 




is the 


mass experienced when the force acts in the direction perpendicular 
n 'Cj | tothe direction of motion. It is called Transverse mass. 


force 


^ Case II. When the force ~j? is parallel to the velocity 


■K 


ymth 

y 


Howr 


ia5f 


^ = Fu cosO° = Fu 

The equation (3.17) becomes, 


-> 

o 


F 

m 


(Fu) _> 
me 7 u 


Taking magnitude of both the sides, 
F (Fu) 


a = — - 


F = 


c 

J 


m me 
ma 

1 

m 0 


u = m f 1 ’ V] 

m 0 

l^W a 


i 



0 


■ 


f - A U*\M 0 

V?) 

This force ~p and hence the acceleration are parallel to the 

docity j e p ara |j e j direction of motion. Hence the above 

l^ation is written as 
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In the sense of Classical Mechanics the quantity —-2o 



the mass experienced when the force acts in the direction p ara ii 
the direction of motion. It is called Longitudinal mass. 

3.9 LORENTZTRANSFORMATIONS OF MOMENTUM AND ENERGY 

We have defined the relativistic momentum as * 

-» -> m o 

p ~ mu 


V1 - u2/c 2 U 


This equation refers to the frame S. In the frame S' the rebr 
vistic momentum is given by ai " 


pt = m’i? = 


mg 


5* 




Now , we know the transformation equations for the component f 
of the velocity u . Hence to get the transformation equations Id 


components of momentum we shall first obtain the transform* 
equation for — as follows : 


Vi - u 2 /c 2 


In the frame S’, u* = u ? + u? + u ’ z 2 


Now. ■ 14 --VL . W 
* - V. u x f u y~ 




1 - 


/. 1/2 


C 2- 

(wx-vo 2 


1 - 







0 • 0-^y 4 




O-Vy 
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2 2 2 V 2 y 2 w2 

if x + Uy+u z -2Vu x +V 2 - -I__. z 



u 2 c 2 - 2 7u„c 2 + V 2 c 2 - u 2 V 2 - U 2 Z V 2 

______________ * 

(c 2 - Mj„) 2 

U 2 C 2 . 2 Vu«c 2 + V 2 C 2 - ui'V 2 • l? V 2 


1 - 


(c 2 -W; x ) 2 

(c 2 - Vu*) 2 - A 2 + IVUiC 2 - V 2 c 2 + u 2 y -V 2 + u 2 V 2 

(c 2 • Vu*) 2 

<^-2Vu x c 2 + V 2 1 ? x -u 2 c 2 + 2Vu/: 2 -V 2 c 2 + u 2 'V 2 + u 2 V 2 

(c 2 -Vu x ) 2 

c* + V 2 u 2 -u 2 c 2 - V 2 c 2 + u 2 y>V 2 + u\v 2 
(c 2 - Vu x ) 2 

c* + V 2 (u 2 x +u 2 + U 2 J-u 2 c 2 -V 2 c 2 


(c 2 - Vux) 2- 

c 4 + v^u 2 - u 2 c 2 - v 2 c 2 

(c 2 - V'u *) 2 

r2 Cr 2 - u 2 ) - V 2 (c 2 - u 2 ) 
(c 2 - Vu x ) 2 

(c 2 - Vu x ) 2 

(c 2 - u 2 ) (c 2 - v 2 ) 



(r 2 ■ „2) (c 2 - V 2 ) 

= (c 2 - Vu x ) 2 

' v 
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i) 


Taking component 
p x = * m'tix 


Of momentum along X'-axis in the frame S', 



Ux 


- V 


/ 


X \ 

T) 


by equation frig) 


mo 


Wx 


- V 


rrr(Ux-V) 


F 


F 


mux^ m V 

F 


v 


1 "? 
t Px-mV 

N V^F 

We shall express mass m in terms of energy £ as follows : 
£ = me 2 


Px-V 


Px = 


© 


£ 




i i) Taking component of momentum along V-axis in the frame 5', 

n 1 — mPu } 


p'y = m'u'y 


m 0 





1 - 


V. u , 


h 

Scanned by CamScanner 

























133 



RR:' (<-!>)■. 

m 0 

'R'"’ 

= rrnjy 

- Py 

jii) Using the same method as in (ii), we can prove, 
P z = Pz 

iv) Considering energy relative to the frame S', 

E - nic 2 

m , 


r 



R 

m 0 

(c 2 ■ Vu x ) 


71 


m (c 2 - Vu x ) 

me 2 - V (rou x ) 

£-Vftx 




form), 


Dividing both the sides by c 2 (to get the equation in sta 
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iaa*< 


—-......^0^ 

Thus the Lorentz transformation equations for momentum com D S 
nents and energy are 

• \ 1 
■> p* 

II 

IT] 

© 

II 

1_1 

ii) P’ 

= Py 


''') pj 

= Pz 


■ ^ e 
<v) p 

i . 

Vx s 

i 




On comparing these transformation equations with the 
corresponding equations given in the bracket on right, we find that 
the momentum components transform in the same manner as the 
respective space co-ordinates and energy transforms in the same 
manner as the time co-ordinate. Hence these equations can be easily 
obtained from Lorentz transformation equations of the respective 
spac-time co-ordinates using the following correspondence: 


x -> Px, 


y Py> 


z Pz> 


E 


We have observed in the second chapter (See §2.9) that in 
Special theory of Relativity, space and time co-ordinates arc 
intimately and cohesively connected with each other. Moreover they 
can be converted into each other during co-ordinate transformations 
from one frame to another frame. The same is true for energy and mO' 
mentum also. In Relativistic Mechanics, the energy and momentum 
„ d rg- interdep endent^and can be converted into each otheT during cm 
ordinate transformations. -*- 

3.10 LORENTZ TRANSFORMATIONS OF MASS : I 

In the frame S the mass of a particle is given by 

V = m ° 


By equation (3.18), 


1 



V 


-IF 

1 
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rri 









/, VuA 

m 0 



o-») 


m 


* 




This is the transformation equation for mass. 

Problem: 

Show that the quantity 
ti + Py * Pi - ? 

remains invariant under Lorentz transformations of momentum and 
energy. 

Solution : 

Lorentz transformation equations for momentum and energy are 
VE 


Px-7Z 


P* = 


F 

‘c 2 


ypj 


Py = Py 


P z = Pz 


E v[j x 
? ■ "c r 


I — V 

V' ■ ? 

In the frame S', the quantity has the form, 


Ie e = 


<2 <2 >2 

P> + Py + P, 


f 2 


(Pz ■ VEIcV „2 , „2. (± M L 
= —7 - + Py + Py , / v 2 \ 

0 ?) . c 0 
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^ ( A - + V ~zr) - (f 2 - 2£Vp,+ 

cMP -- 


+ *W 


c j ^- 2£Vp,+ V^/c 2 - f 2 + 2EVp x - V 2 pl 


C 2.\fl. 


+ fy+ P \ 


^pb^-f 2 -^ 


c 2 - V 2 


+ P 2 y + P 2 Z 


li(c 2 .Vi)+P (^-l) 


C 2 - V 2 


pj + P/ 


£k 2 -v 2 ) f 2 (^) ^ . 

C 2 - V 2 * c 2 - V 2 ^ + pi + O 2 


_2 £ 2 2 

= ft - ■?+ Py+ p] 

= ft + p 2 y + p] - fr 

Thus the value of the quantity p 2 + p 2 + p 2 . ^ remains 

same in both the frames 5 and S'. Hence the quantity rem*" 1 
invariant under Lorentz transformations of momentum and energy 

Remark : This invariance is analogous to the invariance of * 2 + ?! 
z 2 - c 2 t 2 under I orentz transformations of "pace and time 
ordinates(as we have seen in the second chapter). 
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1ST 


i/)RENTZ TRANSFORMATIONS OF FORCE: 

I' 1 ' NeW ton's Second law of motion, 

By ~ 


-> - 
F 


dp 

It 


Xhe components of force relative to the frame 5 are, 

dj,i f r _ d£z, 

h = it • y ~ dt dt 

The components of force relative to the frame S' are, 


- JA 

p *“ df 


P _ 
h r ~ df 


P _ 

^ ' df 


dgx 

dt 


1 ) p * = 

The Lorentz transformation equation for X-component of 
momentum is 

p* ■ v (?) 

r~v2 


Px 


dp* - 


T- 


“■? 

r ve“i 

w d 

L Px 

■? 


Tit 

dPx - ^2 dE 

■? 



1 


Now, df = change in the energy df the particle. 

= work done by the external force on the particle. 


F • dr ' 




a ^ 
dPx -f • dr 


...( 3 . 18 ) 


^he Lorentz transformation equation for the time co ordi 
f 





! i 


' 

I 




It 

111 1 


pH I 

[it I 


i 


U\ 
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753 “ 


:.dt = 


Vr 




dt 


Vr 


A t . v 4 

I 

L c ‘, 

[* - ? *] 

V* 1 

*? 

1 

r, vdx i 

w 1 

L 1 ‘ ? dt\ 


r, yu*i 

v 2 \ 

L 1 -?j 



•(3.19) 


Using equation (3.18) and (3.19) we get the expression for F as 
follows : 


ft 


d& 

dt 




V 2 


d Px~C2 


-» —A 
F • dr 




P 




V 2 




0 -£) 





f ->Y1 


dr 


dt c 2 

l f • * JJ 


for 


1 - 


Vu x 

~F 


ii) ft 


fK 

dt 


The Lorentz transformation equation for Y-componcnf 
momentum is 

Py = Py 

dft = dpy 
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Using* equation (3.19) and (3.20) we get the expression for F y as 
fo ||0 * s : . , 

= $ 

dPv 


Ft 


dt 


(’-*) 


v- 


V 2 


& 

dt V 


7"^ 

1 - c* 


V^ 7 


V 2 

c 7 


d! 




1 - " 


Wi, 


1 T 


s, *0n for; 


iii) Using the same method as in (ii) we can prove, 
F 7 


F'z 


*>75 


1 


Vu x 


! Thus the Lorentz transformation equations for the components of 

r ' force are, 




emarks : in Newtonian Relativity,(as we have proved in section 
4 c * ^ °f the first chapter), P = F . i.e. the force is invariant under 
Th f n ^ ans ^ orma tions. This is not so in Relativistic Mechanics. 
ref 6 *° rce * s a re * a t ,ve quantity and varies from one inertial frame of 
erence to another inertial frame. 

However, you can see easily, for small values of u and V, the 
° equations reduce to F' x = F Xt F' y = F y and F % z = F z i.e. P = F, as we 
expect. 


Scanned by CamScanner 
























































... 10/no 




. U 2 

.•M - ? 

U 2 - 
•••? 


u 

: 'C 


_ JL = o.l 

- 10 

= 0.01 

= 1 - 0.01 = 0.99 

= VO.99 = 0.9949 


<&- 


) 


_ 0.9949c 

Problem : What is the'ratio of the mass of a particle to its rest mass if 
it is moving with velocity 0.8c. 


m 0 
Given : ■=“ = 7 


m o 

ftf! Solution : 

l 


u = 0.8c. 


m = 

m 

mo 


mo 


'F- 




i.e. 


m 

mo 


v^? 

1 

V1 - 0.64 
1.667 


V036 


- “ 1667 


Problem : The density of Cold is 19.3 gm/cm 3 when it is at rest 
relative to an observer. What is its density when it is moving with, 
the relative velocity 0.9c? 

Given : po = 19.3 gm/cm 3 , p = ?, u = 0.9c. 

Solution : 


Density of a substance is given by 



m 


P = V ■ 


m 


Ax. Ay. Az 




f (! 


SrarmpH hv PnrnSlrnrmpr 


























Now, m = 



*\? 

By lorentz - Fritzgerald length contraction, 

Ax = (Ax) 0 ; Ay = (Ay) 0 ; Az = (Az) 0 


m 0 


.*.p = 


■f- 1 


(Ax)o yi - ^ . (Ay)o . (Az) 0 


1 


m 0 


I - ^7 (Ax)q • (Ay ) 0 . (Az)o 




19.3 _ 19.3 

1-0.81 " 0.19 = 101.6 grn/cm 3 




, 1,11 
ib 
;ei 

joliiti 


HpfWt-T ’ . momentum °f an electron observed in a magnetic 
^nH tK Xpe ? ment iS 3m ° c ' where is re * of the electron 

its relativlsttc'kinetic energy! * h * Ve '° CUy ° f the ele " 


\ 


Given : p = 3 m 0 c, u=?,E k = ? 


Solution : 

P 

= 

3m 0 c 

Now, p 

= 

mu = 

m 0 u 

"V-S 


3m 0 c 

u 2 


z: 

9c 2 

1 

u 2 

s 

9c 2 - 9U 2 

A 10u 2 

= 

9c 2 .-. i 

u 

s 

V09 c 


m 0 u 



Prot 

Give 


loli 


ft 


0.9487c 
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= 2.162 moc 2 

problem : How much energy is released in the explosion of a fission 
bomb containing 5 kg of a fissionable material? Assume that 0.1 
percent of rest mass is converted into energy. 

Solution : If total mass is 100 kg then 0.1 kg is converted. 

If total mass is 5 kg then ^^ = 0.005 kg is converted. 

.vm = 0.005 kg. 



The equivalent amount of energy is given by 
E = me 2 

= 0.005 x (3 x 10 8 ) 2 = 0.045 x 10 16 = 4.5x 10 14 j. 

.*. Energy released in the explosion = 4.5 x 10 j. 

Problem : Find the energy equivalent to 1 a.m.u. in MeV. 



Given: 1 a.m.u. = 1 . 66 x 1 Q- 27 kg 

c = 2.998 xIO 8 m/s 

leV = 1.602 x 10" 19 J 

Solution: 

£ = me 2 

= 1.66 x 10 - 27 x (2.998 xIO 8 ) 2 

= 1.66 x (2.998) 2 x 10' 11 I 

1. 66 x f2.998) 2 x1 eV 

1.602 xIO* 19 
1 .66 x (2.998) 2 xlOj . eV 

= TJoT 

= 9.313 x10 8 eV 

931.3 x 10 6 eV 
931.3 MeV 





■ I 
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jobtem : What is the mass of a cosmic ray particle having enerZ/ 
MeV. Take c = 3 x 10 8 m/s. ,,er 9y 1$ 


Given : m = ? 

f = 15 MeV = 15 x 10 6 eV = 


Solution : 

E = 

m = 


15 x 10 6 x 1.6 x I0'i9j 
15 x 1.6 x 1 O ' 13 J 


me 2 
E 

? = 


15 x 1.6 x 1 O ’ 13 

(3x10 8 ) 2 
15x1.6 



m 0 


w 


= 2m 0 


1 - ? = 
1 * 

= 
U 2 


2 

]_ 

4 


y = 


= i - 


3 

4 


° = a/F< 


9 — x 1 O ' 29 = 2.667 x 1 0 29 kg. 

Prtfctem : Calculate the velocity of a body when its total enemy k 
two times its rest energy. yy 

Given : E = 2moc 2 , u = ? 

Solution : 

E = me 2 
2 /doC 2 = me 2 
m = 2 m 0 


* 


/ 

.10* 






= 0.8660c 

Problem : The nucleus of helium atom consists of 2 protons and 2 
neutrons bound together by nuclear forces. The rest masses of the 
following particles are as under: 

Mass of helium nucleus = 4.003871 a.m.u. 

Mass of proton = _ 1.007825 a.m.u. 

Mass of neutron = 1.008665 a.m.u. 

Find the binding energy of one nucleus of helium in MeV. 


tnu 
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Take 1 amu - 

of light 


Velocity 
ii> S ^ 1100 : 

Mass of two protons 
Mass of two neutrons 


1.66 x 1O' 27 kg. 
3 x 10 8 m/s. 


= 2x 1.007825 = 2.015650 a.m.u. 
= 2x 1.008665 = 2.017330 a.m.u. 

Total mass of two protons & two neutrons = 4.032980 a.m.u. 
Mass of one nucleus of helium = 4.003871 a.m.u. 

. Mass defect for one nucleus of helium 

= m = 4.032980-4.003871 

= 0.029109 a.m.u. 

= 0.029109 x 1.66 x 10 ’ 27 Kg. 


Binding energy of one nucleus of helium 


= E = me' 


) 


0.029109 x 1.66 x 10' 27 x (3 x 10 8 ) 2 
- 0.029109 x 1.66x9 x 10' 11 J 

O.Q29109x1.66x9x 1Q- 1 L eV 

1.6x 10" 19 
= 27.18 x 10 6 eV 

= 27.18 MeV 

Problem : A nucleus of f m^and^n^utron of mass 1.009 

such nuclei 

disintegrate. Given : 1 a.m.u. - • 


Solution : 

Total initial mass of one nucleus 
Total final mass 


Loss in mass for one nucleus 


235.124 a.m.u. 

97.936 + 135.951^- 1.009 
234.896 a.m.u. 

235.124 - 234.896 
0.228 a.m.u. 




= o.228 x 1.66 xlO- 2 7 k g. 


Now 1 milligram 

Mass of one original nucleus 



10’ 6 kg. ... 

235.124 x 1.66 x 10 9- 
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■ Total loss in mass fori mg- 


-x 0.228x1.66x10-2? 

v2 7 


lt>D> ' • 

0.228 x 10' 6 _ 9.697 x 10' 10 kg. 

= 235.124 


... Total energy released 


= E = mc 

= 9.697 x 10' 10 x (3 x 10 8 )2 

= 8.727 x 10 7 J. 

Problem : The earth receives energy from the sun at the rate olf 1.34 x 
1 o 3 Watt/m 2 . The distance between the earth and the sun is .5x10 
km. Find the annual loss of the mass of the sun. 

Solution : 

The energy emitted by the sun is distributed over a sphere of 
radius r= 1.5 x 10 8 km = 1.5 x 10 11 m. The area of the sphere is given 


by 


A = 4nr 2 

= 4x3.142x0.5x10 11 ) 2 

The energy received at the earth 



= 28.28 x10 22 m 2 

= 1.34 x 10 3 Watt/m 2 

= 1.34 x 10 3 J/sec/m 2 

.*. The energy received per square metre per sec. of the above 
sphere = 1.34 x 10 3 ) 

.*. Total energy received over the whole sphere in 1 year 
= 1.34 x 10 3 x 28.28 x 10 22 x 365 x 24 x 3,600 

= 11.95 x 10 33 ). 

Total energy emitted by the sun in 1 year 
,= E = 11.95 x 10 33 J 

The corresponding mass (m) lost by the sun in 1 year is g iven * 

f = IL95X10 33 _ o17kg . 

c ( 3 x 10 8 ) 2 ~ 1.328 xiu 
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Jp Find the mass and kinetic energy of a photon of wave- 
h 5000 A.U. Take Planck's constant = h = 6.63 x 10“* 4 j. s ve , 0 . 
0 f light =s c = 3 x TO 8 m/s. 

.tfs ?/ E k = ?, X = 5000 A.U. = 5000 xlO-^m. 


Solution. 

ft, e energy of the photon is given by 


id)i: 

\ 

Ofljl. 


spherei 

eisgte, 


J 


0 

tit 

ie ^ 




. he 

‘ = hv= T 

i 

If the mass equivalent to this energy is m them 


= me 


:.m - 


he 1 
6.63 x TO' 34 


h_ 

Xc 


.*. m = 


5,000 x 10" 10 x 3 x 10 8 
6.63x1 O' 34 


. “ 150 

Moreover, 

E = m 0 c 2 + Ek 

The rest mass (mo) of photon is zero. 

. he 
.*. E k = £ = hv = — 


= 4.42 x 10‘ 36 kg. 


:.E k = 


X 

6.63 x 10' 34 x 3 x 10 8 

5,000 x 10‘ 10 


_ 6.63x 3 16 _ 3.979 x 10 -19 J 

5,000 

Problem : An electron has kinetic energy equal to twice its rest 
energy. Find its speed in terms of c. 

Given : f k = 2moc 2 , u = ? 


Solution : 
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F$ 


= 3 


1 

•*• 1-^7 = 

U 2 


9 


1 


? = 


u 

c “ 
u = 


8 

9 


o = 0.9428 


1 ‘ 9 = 

O 

0.9428c 



I' 

t 


Problem : An electron is accelerated in a synchrotron to a kinetic 
energy of 1 MeV. What is the mass of the electron in terms of its rest 
mass? What is the speed of the electron in terms of the speed of 
light? Rest mass of electron = 9.1 x 10 ' 31 kg. 

Given : E k = 1 MeV = 10 6 eV= 10 6 x 1.6 x 10 ’ 19 j = 1.6 x 10 ‘ 13 j. 
m=? , u=? 

Solution : 



.’. mc z = 


m = 


m 0 c 2 + E k 

m 0 c 2 + E k 
E k 

m 0 + ^z 


m 0 


n ♦ ai 

[' 


m 0 1 + 


1.6 x 10' 13 


m 0 


1 + 


9.1 x 10 * 31 x(3 xIO 8 ) 2 
1.6 x 10 2 


Now, 


m 


9.1 x 9 
Wo [1 + 1.954] 
2.954 m o 
m 0 


■] 


-Ft ■ 


V 

m 0 

m 




m 0 


2.954 mo 
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1 - ? 

■ (2.9S4) 2 

= 0.1146 

u 2 

? 

= 1 - 0.1146 

= 0.8854 

u 
**• c 

= V 0.8854 

= 0.9410 

ti 

= 0.941 o<r 



• An electron starting from rest gets accelerated when it 

^ 6 through a potential difference of 10 5 V. Calculate its mass and 

^pd at the end of the acceleration. 
llie s P eeu 

Ln:/n 0 = 9.1 xIO- 31 kg, e = 1.6 x 10’i* C. 


H 

rOj 


I 


4 

H 


Solution : 


By definition of potential difference, 
IV 

V = -r 


. W = V.q 


Work done by the electric field on the electron 
= IV = V. e 

= 10 5 x 1.6 x 10' 19 = 1.6 x 10' 14 | 

This work appears as kinetic energy of the electron. 
e k = 1.6 x 10‘ 14 I 

Now, £ = m oC 2 + 

me 2 = m 0 c 2 + h 


m 


Ek 

= m 0 + 77 


.. 1.6 xIO- 14 

= 9.ixio- 3 ' + -^^r 

= 9.1 xl O ' 31 +1.778x1 O ' 31 

= 10.878 x 10' 31 kg. 





i 




i 

? 



i 
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.a = V073002 = 0.5479 

. I = 0.5479 c = 0.5479 x 3 x 10 8 

= 1.6437 x 10 8 m/s 

T , l vA/hat Dolential difference should an electron 
Pr °tm : re , be accder a ted .o attain the velocity of light c, ^ 
!nq o Classical Mechanics? If an electron is accelerated through t „ 
potential difference what would be the velocity attained by ^ 
electron according to Relativistic Mechanics. Take m 0 - 9.1 x l 0 -li 
kg, e = 1.6 x 10' 19 C, c = 3 x 10 8 m/s. 

Solution : 

Let the required potential difference be V. 

By definition of potential difference, 

v = - /. W = V. q 

' q 

Work done by The electric field on the electron = W= V.e 

This work appears as kinetic energy of the electron. 

:.E k = Ve 

Now, when the electron attains the velocity of light, according 
to Classical Mechanics, its kinetic energy is given by 

1 , 

Ek = o ^ 


.*. Ve = 2 ™o c2 


• V = 
« » » 


2 e 


9.1)00^x9x1016 _9Jx9 1O 4_ 25S9x 10iV 

2x 1.6x 10' 19 3.2 x 10--2.WV 

Potential difference to attain the velocity of light = 2.559 

5 v 

According to Relativistic Mechanics, 


Velo 

intiai 

-3x1 


Sho> 

alii 

defi 


* Ci 
ol 
x' 


\ 


t. 


t 


i 


E k = m 0 c 2 


Ve = m 0 c 2 


1 




t? 

? 


- 1 




- 1 



























= 1 + 



rriQC 


1 + 2.559 x 1Q5 x i .6 x 1 0" 19 
9.1 xIO' 31 x 9 x 1 0 16~ 
2.559 x 1.6 x 10 

8TT9 ' 

1 + 0.5 
1.5 

(W 


= 0.4444 

1 - 0.4444 = 0.5556 


0.7454 

0.7454 x 3 x 10 8 = 2.2362 x 10 8 m/s 


Velocity attained by the electron accelerated through the above 
u 1 potential difference = 2.2362 x 10 8 m/s. This is much less than 
’ c = 3x 10 8 m/s. 


QUESTIONS 





B , 

rf-n 


i 


■ I 




m 






L _ I_L.. . 
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In this chapter we shall develop Relativistic Electromagnetic 
We have seen in the first chapter that the laws of electrodynamics are 
not invariant in all inertial frames of reference under Galilean trans. ^ 
formations. 

In the second chapter we have observed that the laws of 
electrodynamics are invariant in all inertial frames of reference under 
Lorentz transformations, i.e. the equations representing these laws 
have the same form in all inertial frames of reference as required by 
the first postulate of the Special theory of Relativity. In fact, this a 
was the reason which led Einstein in 1905 to believe that the ' 
Lorentz transformation equations are the correct transformation 
equations for inertial frames of reference and they should replace the 
Galilean transformation equations. 

Thus as regards electromagnetism, the basic equations represent¬ 
ing different laws have covariant form and they do not re ^ e J 
modification. However, the quantities of electromagnetism va^ o 
one inertial frame to another inertial frame but the laws govern^ 

them remain invariant. In this chapter we shall ^J^Vwanotl* 
tion properties of these quantities from one inertial frame to 

inertial frame. , N 

4.1 ACTION OF ELECTRIC AND MAGNETIC FIELDS on 
ELECTRIC CHARGE : 

Electric force on an electric charge: 

A particle having charge q is lying in an electric 


tie 




81 


tensity 


Then a force ~p acts on the particle and is 9 ,ven 
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action of 7 is °PP° site t0 ^at of 


m ^netlc force on an electric charge : 

A particle having charge q i s moving with a velocity in a 

■magnetic field of induction Then a force ? acts on the particle 
** and it is given by 


—> 



F = 

^ u 

x B 


The magnitude of the force is given by 


F = quB sin 0 


icetl 


r 

where 0 is the angle between and The force ~p is directed along 


the normal to the plane of and i.e. it is normal to and In 


V) case, if the particle is stationary relative to the magnetic field then u 
V J =0 and no force is exerted by the magnetic field. 

Electromagnetic force on an electric charge : 

A particle having charge q is moving with a velocity u in space 




where electric field of intensity ? and a magnetic field of induction 


V 


are present. Then a force f acts on the particle and is given by 



■P' f 

This equation represents Lorentz force law. 
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4.2 INTERDEPENDENCE OF ELECTRIC AND MAGNETIC FIELDS; 

Let us consider a charge q s which may be called a source ch atft 

It is moving with a velocity u along X-axis relative to the fr an , ' 
A moving charge is equivalent to a current and hence it gives rj s<! J 

a magnetic field of induction t around itself, in addition to elect*, 
field. 

This is observed by an observer from another frame of reference 
S'. Let the velocity of the frame 5' be V- u along X-axis relative t 0 
the frame S. Then the source charge appears to be stationary j n tf)e 
frame S'. Hence it does not give rise to the magnetic field in th e 
frame S'. The observer in the frame S' finds that a charge q experiences 
force due to only the electric field of the source charge q s . Thus by 
introducing suitable frame of reference we can eliminate the mag. 
netic field. What appears as a mixture of electric and magnetic fields 
in one frame of reference is nothing but an electric field when obser¬ 
ved from another frame. 


efl 1 



... in R 

ns ' 11 

t> ed ' 
for electric 


Now, let the source charge q s be stationary in the frame 5. Hence In ord 1 
it produces only electric field in that frame. select the 1 

For the observer in the frame S', the charge is moving along X- ^relative to 
axis with velocity -V and hence it produces a magnetic field also. i.e. 
what appears as purely an electric field in one frame is nothing but a i.e. 
mixture of electric and magnetic fields when observed from another 
frame. 

[jhus in Relativity, the difference between an electric field and 
a magnetic field is relative and depends upon the frame of reference 
with respect to which the observations are made?] 


whetf 


Ec 


This 

p ; 

p ; 

p ; 


4.3 LORENTZ TRANSFORMATIONS OF ELECTRIC INTENSITY £* AND 
MAGNETIC INDUCTION ^ : 

A particle having a charge q is lying at a point in space 
the intensity of the electric field is ~j? and that of magnetic fle |()li 

J*. The force acting on the particle relative to the frame S is 9 ivel ’ 


f = <?£ + </u x B 
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B t he instantaneous velocity of the particle at that point. 

Xf wording to the first postulate of the Special theory of Relati- 
% AC hl , equation representing the Lorentz force law must be 
0, j n all inertial frames of reference. Hence relative to the 
6n ri, 5 the force acting on the particle is given by 

C'l ? * ^ + qu ' X B> ...(4.2) 

3 in I iu te * ,n Relativistic Electromagnetism the charge q is considered to 
an invariant quantity, because otherwise, the motion of the 
\ tctrons in an atom would lead to a change in their electric charge. 
i e J !. e t0 this, the balance of positive and negative charges of an atom 
'cffr Jould be disturbed and the atom would no longer be neutral.] 


for electric intensity E : 

Hen (n orc ier to eliminate the magnetic field in the frame S' we shall 
select the velocity V of the frame S’ so that the particle is stationary 
njh relative to the frame S'. 





£ 


l,e * u' “ 0 


/. Equation (4.2) becomes, 

—> —> 

F' “ <?£'• 


l This equation can be written in component form as follows: 

F' - nP' -( 4 . 3 ) 

h * - q?x 

f; = qe'y 

* - u . 

L . Since the particle is stationary in the frame S', it must be moving 

velocity V along X-axis relative to the frame S. 


...(4.4) 

...(4.5) 



i\ 

'w. 

115 

ft 


ir 

\ 


C 

II 

o 

u z = 0. 



-> 7> 



/ / k 


B = 

© 

o 



B X By B z 
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. Equation (4.1) can be written in component form a$ 

/ v -A 


I 


= <j£x + < ?|u x 5 

= qE x + q (0) 

= qE x 


J 


Fy = qEy+q\ ~u X* 


k\ 


••'(4.3} 


/ 


= qE y+ q(0-VB z ) 
= qE y -qVB z 

= qE z + q | u x B 


••(4.4y 


A 


J 


= qE z + q(VB y -0) 

= qE z + qVBy -(4.51 

i) By Lorentz transformations of force, X-Component of force h 
given by 


fi 


B 

C 


V 


-A 

F *-? 

r ’ 

u 


l 


F x - 

1 - 






Taking inverse transformations, 

V (-> ->\ 


F'x + 


F' • u' 


h x = 




Now, = o 


i , V.* K 

i + 




J 


••• U x 

/. Fx 


= 0 


fj + 


X T p X 0 


1 + Vx T 


Fx 


By equations (4.3) and (4.3)' the above equation b eCorTI 
qE x = q^x fx = E x 
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Lorentz transformations of force# Y-component of force is 

» Jen by. 


) 


■V 


1 -■? 


fi 


i - 


Yu, 




F v = 




n/t: 


F 

F 


i +■ Vu * 

F 


= Ff 


<\[i- 


V 2 


l 


By equations (4.4) and (4.4)'# the above equation becomes# 

q£y- qVB z = <J5;n/ 1 - ^ 


• C ' = 

• • Ly 


fv-VB, 


V 


T^ 2 

1 -■? 


We shall denote 


1 




V* 


by y 


E' = y Vy~ VBz ] 


iii) By Lorentz transformations of force# Z-component of force is 
given by 




FzA/l- 


F 

F 


Vu, 




1 "F 


F 

F 


o 


, Vo’, 

1 + _ F 


= H \ 


1 ‘ F 


By equations (4.5) and (4.5)', the above equation becomes. 


I 52 
F/'V 1 ' F 


3£ r 1 - 

Hi 


qEj+qVBy = qE i 

Ez+ VBy 

' vf 

= Tfc + VB#] 


• £ 1 
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Thus from (i) (ii) and (i<0 we 9 et 

£x = £x £ y = e } = Y[f, + o 

The first equation shows that the intensity of the electric fi,, 
remains the same in both the frames 5 and 5 in the direction m 
relative motion between the two frames. 

i e = X 

» 

The second and the third equations show that there is a change 
in the intensity of the electric field in the direction perpendicular to 
the direction of relative motion. 


Now, 


V x B ' 


-> 

/ j k 
V 0 0 

B x By B z 


Hence the last two equations can be written as 

/"-> -A 


F' 
C Y 


EJ 


In general, ^ 


= y 


= Y 


= Y 


f K + 




B 






H 

f 


(-> 

V x B 


z 

y J 


->. —A 
V vfi 


£ x + 


1 

y -> 


Hence the Lorentz transformations of electric intensity are 



. 

> 



p? 

Ell 

= f . 

1 





-> , 

(-* -A 



E± 

= Y 

V 

V x B 

i 





L j 

-j 



Part 


For magnetic induction ^ : 


* In order that the magnetic induction survives in the 

SVve shall consider the particle to be moving with velocity ^ 
Y'-axis relative to the frame 5'. ^ 
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. e ti'x = o, u'y - u'/ u' z - 0. 


NOW, u* x ®' 


->->-> 
i i k 

0 u' 0 

v i i 

fi B .B 
x y z 


Hence equation (4.2) can be written in component form 
follows : 

u = 


as 


1 

F l! 

g i 




= q£;+q(u'6' z -0) 

= q£ x ' + <?. u'8'/ 

,, f-t 

r = + <? i/ x B' 


= qEy + q (0 - 0) 
= qEy 

Fi = + 


...(4.6) 


...(4.7) 


...(4.8) 


= qBz + q (0 - u'B\) 

= qEz - q u'B\ 

We shall find .out now the components of the velocity of the 
particle relative to the frame 5. 

By Lorentz transformations of velocity, 

l/ x + v o + y 


lit = 


Ux- V 

, V.u x 
1 


Ux — 


. V-u'x 

1 + -?“ 


1 +0 


= V 


4 = 


Uy^jV- 


W 

■? 


w 


7 13 

1 


i v '- u ' 


u y - y. u’x 

1 + "c z " 


= u’ 


A/i-7 


F 2 

7? 



ui'vfi- 


F 2 

■? 


w 


7 ^ 

1--? 


V.u. 


= v.l/x 

1 +-3^ 


= 0 


i 
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... Equation (4.1) «n 

f = qE x + q\u x ® 


be written in component form as follows; 


\ 


/ 


= qE x +q(h u ''\f'^? 

= qE x + ^ ' F 


') 


...(4.6)' 


f = qEy + Q U 


A 


8 


/ 


) 


= qEy+ q (0 - V'S/) 
= qfy, - qVB z 


...(4.7)’ 


F z = qFz+Q 


f. 


u x 8 




= q£ z + q I VBy ~ &x 


(vB r B x u'-\J 




V* 




= q£ z + gVB K - qB^' A/1 - -t ...( 4 - 8) ' 

iv) By Lorentz transformations of force, X-component of force '5 
given by 

V 2 /-W _A 




F • u 


f; = 


i - 


V. u % 


1 


Taking inverse transformations. 


FI* 


F x = 


r 1 * t/ 


- V(4r 
1 + ^ 


1/ . r f t//) 

f; + ^ f;.</, + Fy.i/y* f f 
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* f X + ? r Y 


r v iu 


uations (4.6), (4.7) and (4.6)' the above equation becomes. 



Vl = (l^x*qu'ff z + ^u'q£y 


.1 C I 

■y 


;£<+ b / 0 'Yi-f = £;+u ' B ^ + ? t/f 

B y Lorentz transformations of electric intensity ^ 

0 

_ E x = 


.(4.9) 


fH 



-> , 

r-> 


<*- 

II 

E i + 

V X B 

i 



\ J 

-* 


= ?[£/- WJ 


Equation (4.9) becomes. 


£ x +B z u'-\j 1 - = f«+ u'e z + -gu"l(Ey-VB Z ) 

■ ■ B z a/i- 


F 

F 


= S', + £ 7 (Ey - VB z) 

I -V 2 V^y V*Y o 

•••Bi = 8/ "V 1 • F ‘ ”F* + F" 6 * 

r /—v 2 y 2 I ^ 

= Bz[V 1 '^ + 

= 8z 


V* V 2 

i--? + F 



1 







= flz 


r ' v* V*- 

i-F + ? 



LV^J 


- fiz 


1 


cJ 


7“v* 

1 ■ ■? 








(-> -*’) 

\ 

i 

= Y 

f K + 

V X B \ 


1 

i 



l ) 




r 


It: 

n 

u 

•Ff 

§' 


■ 
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V) By Lorentz transformations of force, Z-component of f 0rce . 
given by 


n 


Pza/ i -■? 

1-^ 



F z - 


yjy- 

, VuV 

i+7T 


P 2 




P 2 

F 


(since u\ = 0) 


By equation (4.8) and (4.8)' the above equation becomes, 

qE z + qVB y -qB x u , '\J 1 - ^ 1 " p 

I —V 2 I V 2 I V 2 

fz + VBy - B x ti' 1 - -£T = ^ 1 - -^7 - "y 1 ' ■? 


i/ft 

...(4.10) 


I 


By Lorentz transformations of electric intensity 


a = t 


f , + 


r-* ->\ 

V x B 




1 

y j 


.\.fz. = Y 


fz + 


(-> 

V x 6 




= Y [f/ + 

Equation (4.10) becomes 
E z + VBy - BxU 'sj 1 - -jj = "^l-^ y [fz + 


the 

mol 


in 

dir 




.*. f/ + WJy * BxU' *\J 1 ~ "^7 = E z + VBy - U'B'x 
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= B, 


* -«*.i..», i - M ii;: s ss 

S £."«2 pZT !"" 9 z ’“ Tbm h *»« ’ - 


BV = y 


B - i -V\ 
°y ? 


V x f 




/J 


Thus from (iv), (v) and (vi) we get, 
B’x = B x 


B' y = 


B. 



B’z = 7 


Bz - ? 


-A 


V yE 






I 

The first equation shows that the magnetic induction remains 
\ same in both the frames 5 and S' in the direction of relative 
^ motion between the two frames. 


i.e. 


B'„ = B 


II 


The second and the third equations show that there is a change 
in the magnetic induction in the direction perpendicular to the 
direction of relative motion. 

In general, 


V 


b'i = y 


—) 
8 i 


i u -a 

V yE 




1 

J J 


Thus the Lorentz transformations of magnetic induction are 
^ * * 


—» 

—\ 

► 




B' 

i II 

= B ,i 




-» 


—) 

1 

/-> —A 



a 'i 

= 7 

B ±* 


Uxf 

L 






V J 
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Discussion: , £ 

the field be purely electrical in the frame S. 


a) Let 

. —> — 
i.e. £ * o 


and 


-> 

B 


—) 

B„ 


= 0 


0 ' •“ 0 


We shall investigate what happens in the frame 5. 


\ —^ ^ 

Fjt = £„ * O ' 



—> . 

> —A 


Y 

E i + 

V X B 

l 


- 

v J 



= Y 


, —> 
£ X + 0 


= Yf* * 0. 
i 


i.e. electric field is present in the frame S'. 
—> 

B!. = 



—) 

• -> 


—> 

1 



8 n = 

0' 

00 
h- - 

II 

Y 

V 


v xE 

1 



• 


“ 


< J 






-> 

1 , 

(-> ->> 





Y 

0 ■ 


[VxE 

l 







\ j 

. 


Y (-> -A 

v y 


* o 


i 


i.e. magnetic field also is present in the frame S'. 

Thus in the frame S' electric and magnetic both field* 
present. Hence what appears as a purely electric field in one fr a, ^ e . 
reference is nothing but a mixture of electric and magnetic fi® s * 
another frame of reference. 

b) Let the field be purely magnetic in the frame S. 
l- e - ? * o* and 


PR 

Of 

in 

Hi 

di 

t 


-> 

£ 


= 0 



" £ ll - 0* E x - 0 
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We shall investigate what happens in the frame S'. 



a ° Y 


= y 


= 7 


E x + 


^ -a 

V'xB 


Of 


? * *0 


V- 


\ 

L 

y j 


—> 
V X. 0 




* 0. 

i.e. electric field is present in the frame 5'. 


B\, = B„ 


®j. Y 


= Y 


V? 




y x f 




A 

L 

y J 


B r 0 


p 


- ^ 
* 0 


ill 1 ’ 

4 

t 

• 9 



i.e. magnetic field also is present in the frame 5'. 

Thus in the frame 5', electric and magnetic both fields are 
present. Hence what appears as a purely magnetic field in one frame 
of reference is nothing but a mixture of electric and magnetic fields 

in another frame of reference. 

Remark : We have seen in the second chapter (see §2.9)i that space 
difference in one frame appeals as time i jnt0 each other 
and vice versa.i.e.space and time can , f t0 ano ther 

during co-ordinate ^"^XplerTe^ave observed that similar 
inertial frame. In the third cnapie rnv ( see § 3 . 9 ). 

relationship exists between momen ^ , n be converted into 

Momentum and energy are mterdepen' observe that 

each other during co-ordinate transformations. Here we ^ 

the same is true for electric intensity ? and magnetic induction „. 

They also are interconnected and can be converted into each other 
during co-ordinate transformations. 
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Problem 


: Show that the scalar product £ . B is invariant 


N 


Lorentz 
Solution: 

> = ~c 

£ il f i 


transformations of f* and 3 


e; = f. 


i - ’[? * («- 


6 


1 


Ey = Y 


£ y + 




^ x8 
= YKk-VBJ 



' - £ < = 7 

1 

+ 

h ->Y 

V X B 



l /■ 


= Yfe+VBJ 

By Lorentz transformations of magnetic induction "g, 


B'. = B„ 


.\ B' = B, 


'l = 7 


81 = Y 




B i r x E 


B - -L 

B y xf 


/J 


1 


= Y [By + VE Z ] 


BJ = y 


8 *-? 
1 


1 -A 
V X E 




z 


i.e. t 


Her 


No 



= Y[Az-^Z V'Ey] 

For the frame 5', 

t>-v = Ex'B' x + e;b' + ejb' z 
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/J 


fl 





s E X B X + 


B £A + If Vy ■ y [fiy + ~z V£,J 

• + y [E z + VBy] Y [b, - J2 VE k 1 

■y 2 ^E,,B y + ^ E y C z . VB y B z - ^ £^g 1 
+ Y 2 [ f A - VBy8 z - ^ fyByl 

= E*Bx + Y 2 ^ByBy - E Z B Z + f z B z - ^7 EyByl 

= B x B x + Y 2 (' ' c*) + £ A(l - 

1 / V 2 \ r 

^ y ” ~c*J + B Z BA 


= EvBy + 


= E X B X + EyBy + E Z B Z 


-» -> 
= E * 8 


Le. the scalar product ^ . ~g has the same value in the frame S and S’. 


Hence it is invariant under Lorentz transformations of and g 


Note: If and ~g are perpendicular to each other in the frame S, then 


= EB cos 90°= 0 


Since 



r B 


F*t 

E\* B* 


I = 


E • B 


= 0 


■'•f'B’cose' - 0 
Hf*' P * 0 and B* * 0. Hence, cos 0’ 


= 0. /• 0’ » 90 ‘ 
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^;mlar to each other, i.e , 

perpendicular . £ and ^ 


f< and 6 . are r -. - e )l( 

nlher m the frame S' also. 

perpendicular to eac 

Thus if ^ and 1 are perpendicular to each other in o„ e ^ 

frame then they are perpendicular to each other in all inertial ^ 
Problem : Show that the quantity^ 2 - c 8 remams ,nvaria„ t Urid# 

Lorentz transformations of £ an< ^ B 



Solution : \ 

As we have dohe x in the previous problem we can 
following equatioi^s : \ x . 

(e; = E x , Y h - VB A v E * = y [E J + %1 

B' x = S„ ' 8V = y[8 v + pf,].. B'z = y 

For the frame S 

£2 . c 2ff2 
2 


get the 


\ 


L Z r 


- CD 

(£,) 2 + (fy ) 2 + (fz ) 2 - C 2 ( 8 'x ) 2 - C 2 ( 8» 2 - C 2 (S ;) 2 
= fil + y 2 [Ey - VBj 2 + y 2 [E, + VBy ] 2 - C 2 B 2 

-<¥ [8 y +-^E 7 J 2 -c 2 y 2 ^ f ; .J 

= 4 + y 2 ^- 2l/ EyB 7 + V 2 B 2 ; + E* z +2VE z B y + V 2 b\ 1 

-^-c¥ ] 

= E^ + y 2 r4-2V'£ y B / +V 2 B 2 z+ £^ + 2V£ i fi ) , + V 2 B y -<?4 
- 2Ve 2 B y-?£-c 2 B* z +2VE y B z -~z? Y 1-c 2 4 
= fj+y 2 ' 22 ®z+fz+ WBJ. c 2 B y -§ 4- c 2 Bz-?4]'^ 


i.c. c 
invai 

Rem 
+ z : 

ordi 

mo 

4.4 




l 
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^r^magnefism 


ITS 


4 (l + -~[^ + B 2 AV 2 -C 2 ) + By(^-C 2 ) 


\ 


-M 


*1, 


\ 


\ 


= f 2 x + 'V[( 1 ' ?) (fy + £) + < v2 - f2) ( 8 ' + 8 ')];^ 

= £x+ 4^ + c 2 - V 2 " 

= (£ 2 x+4 + ^)- c2 (4 +fi ')- c2 ^ 


v2 ~ cZ .c 2 (fy+BlyM 


% 


= f 2 -C 2 


^8 X + By- + 8/^ 


= B 2 - c 2 B 2 


+|J i.e. E 2 -c 2 B 2 has the same value in the frame 5 and 5'. Hence it is 


L : _^ } 

4 invariant under Lorentz transformations of E and B . 


-> 


i 

'■> Remark : This invariance is analogous to the invariance of 0) x 2 +f 
+ z 2. c 2(2 under Lorentz transformations of space and tim 

2 rl 


ordinates and (ii) A + Ay ♦ pV - % under Lorentz transformations of 


momentum and energy. / . iii . 11 

4.4 FIELD INTENSITIES OF AN UNIFORMLY MOVING POINT CHARGE: 


P'(x',y'.z’) 


I ' 




Rg.4., A point charge 4 stationary In the frame S' butmoving relative to the 

Let us consider a point charge g lying at the “^ducefonly 
frame S'. It is stationary in the frame S a * P , tric fie | d 
static electric field in the frame S'. The intensity or 




I 
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X 


-> ^ 

Now, f. " *i y l 

fi s x’ 2 + ^ 

...= (/ 2 +/ 2 +^ 2 )' /2 
i ' 


f; = 


1 






xT* + y 1 ? + 

I I 4 J^t 


£/ = 


1 ^4- 


b * 


jylO 1 
/ = 


f;= 

Since the charge is stationary in the frame S', it does not give 




4rce 0 i*‘ + r + * fc r~ 

Since the charge is stationary in the frame S', 
rise to magnetic field. 


I) Ev 


Hence ^ /. B' x = 0, BJ, = 0, B’ z = 0. 


Now, since the frame S' is moving relative to the frame S with W)^ 
velocity V along X-axis, the charge is moving with velocity V alon9 
X-axis relative to the frame 5. We shall find out the intensities® 


electric ana magnetic fields of the charqe a relative to the framed 
what follows : 



Intensity of electric field : 

By Lorentz transformations of electric intensity ?, 



E? = T 


—> , 

(-> ->) 


£ 1 + 

V x 0 

i 

- 




jgfjP’ ? ' 
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But a' = 0 




i) * 


= E* 


1 

ma 


J_ q y 

47 te 0 




By Lorentz transformations of space and time co-ordinates, 
x- Vt 


x* = 


= y (* - w), y' = y, 


rt 2 + y 2 + J 2 = y 2 (x - vt ) 2 + 


z* = z 


£* 


1 


qj (x - VO 




ii) = Y^y' 


= Y • 


4^0 + ^ + ^ 


47ie 0 [y2 (x-V t) 2 + y^ + z 2 F 2 

<¥/ 


i 


qyy 


4jtG o [Y 2 (X- Vt) 2 + y 2 + z 2 ] 3/2 
iii) E z = y EJ 



Y • i VP + /+SW 

1 


qyz 


4ne 0 ‘ lr 2 (x- Vt) 2 + y 2 + z 2 ] 3/2 


- f*/ + Ey j + 


w 


4tc6o ’ [^(x- Vt) 2 + y 2 + z 2 ] V2 


(x- vt)7 +y7 + z /c 
...(4.11) 




vi 


Mi 
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cnr the observer in the frame S', the electric field | s 
inverse square and spherically symmetric as shown in Fig. 4.2 (a S 
shaVinvestigate how the electric held appears ,n the f ra ^' 
relative to which the charge is moving with velocity V along 







(a) 


(b) 


l e s Ct T r ? f, 'eld is spherically symmetric in the frame S' where the charge 
is stationary, (b) The electric field is not spherically symmetric in the frame S in 9 
which the charge is moving with velocity V along X - axis 


We shall consider the electric field of the charge at the instant 

nthnp" A f th ' S . ' nSt « ant the Char9e lies at the ori 9 in O momentarily. At 
tansfa^I! of time the field will appear to be the same but 

becomef ' ^ " 9ht by 3 distance VL At t= 0, the equation (4.11) 


E = 


1 


SL 


teo tfx 2 + + 2 2]3/2 






i + yj + z ^ 


SL. 


—> 




[fx 2 + y 2 + z 2]3/2 r 


...(4.12) 




Let the angle made by - with X-axis be 0 . 
rcose 

*" ^ -f 

= t 2 Cos*0 + y 2 + z 2 
, . P • c °s 2 0) = r 2 sin 2 9 




% 


X = 

Now, r 2 

r 2 


\ 


*• i*X 2 + y 2 + _ _ 1 



1 - 


p? . (r cos0) 2 + r 2 sin 2 0 


s 


s p 
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the injj. 
?ntari^ d 

same biV 

lion ((' 


^cos 2 0 



1-P 2 H 

■ i 2 sin 2 e 


r 2 cos 2 0 + 

r 2 sin 2 9jj 

^sin 2 ©^ 


1-P 2 

r 2 (sin 2 0 + 

JCOS^0)-R 

> 2 f 2 sin 2 0 


1-P 2 


r ~ P 2 ^ sin 2 0 

- 

i-P 2 



r 2 (1 - p 2 sin 2 0) 



1" P 2 

Hence equation (4.12) becomes, 
J qy(1 - 3 2 )3/2 


-> 

£ 




47te 0 [r 2 (1 - p 2 sin 2 0)] 3 /2 r 
1 1 q (1 - py/2 


JA 


4rceo 1 _ p 2 r 3 (1 - p 2 sin 2 0) 3/2 r 

1 


go -P 2 ) 


-> 

r 


4jte 0 * r 2 (1 - p 2 sin 2 0 )3/2 r \jTtff 

CYoucan see here, 1? varies inversely as r 2 and when ce the electric 

hel d is inverse square . It_is radial. But ~£ varies with respect to 0 

.sinusoidally. Hence the field is not spherically symmetric. This is 
shown in Fig. 4.2 (b)/ 1 

intensity of Magnetic field : 

By Lorentz transformations of magnetic induction ~g, 



fi'„ = 


__ -> 


B' 


¥ = y 

B i / - 


_> i (-> -A 
B ± - ?\v x E 


L 

y J 


taking inverse transformations, 

-> 

B\. • 


«;= Y 


B^ + C 2 


V x f 


V 
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= 0 


But B' 


- 


Bn 


= 0 


o and B i 


fi l 



A-> -A 

l/yf 




/ 


iv) B x 


= 0 


V ) By - = ? ( °- vEz) 


II 


v *£' 

In part (Hi) we 'have proved 

£, = iti 


yV^z 

~c r 


r, If 

•• z y 


-A 

v xE 


yv If 
*• By - - F • v £z 


VEz 

7" 


2 


Y y_> 

vi) B z = ^2 


V X B' 

v y 

In part (ii) we have proved 


= l ( VE 'y) 


By = 1 E y 


- ■-#(? 


. El = -f v 


= £ 


—> — 

V xf 

rl ~ 


From (iv), (v) and (vi) we get, 


-A 
V xf 


Bx = 0, 


By = 


The first equation can be written as 


The second and the third equation can be written in 9 efier 



B„ 


B, = 


0 • . 


(-* -> 
1/ xf 

7 




iff 


n 


1 
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rCES AND FIELDS NEAR A CURRENT - CARRYING WIRE: 


♦-e 




✓ 

/ 

. 

/ -4 

, / 




—* \ 
r \ 


• i 



i- 

\ ' 


£ 


>x 


N» * 


i ; ' " 


Fig. 4.3 A current - carrying wire lying along x-axis In the frame S» 

A long straight wire carrying a current / is lying along X-axis in 
the frame S. Then electrons are moving inside the wire with a drift 


velocity along X-axis (Fig. 4.3). 


/ 


t Let the linear density of the charge (i.e. charge per unit length 
of the wire) due to electrons be X~. Hence the current^in the wire is 
given by , 


3 

t 


lr.1 


= (X) 


© 


= (X) u 


Its direction is opposite to that of i.e. along negative X-axis. 

Let the linear density of the charge due to positive ions of the 
wire, which remain at rest in the frame S be X. 
field relative to the frame S : 

Now, since X and X + are equal in magnitude, X~ + X = 0. Hence 
there is no net charge in the wire and the intensity of the electric 


y'eld in the frame 5 is zero. i.e. f = o • 


.*.£*= 0, Ey = 0, E z - 0 

, • The intensity of the magnetic field produced around the wire is 



un qr)u_ 

2 nr 
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the concentric circles around the wir > 
tne .v Ite direction can be found H 


lt is directed^ o ng g i" 4 c 3 ) |ts direction can be found out 


u Sn t 


of the magnetic induction at P along x, y. 


and 


_ _yo(v_)_u 

2nr 


the wire as i"' 
the right hand rule 

The components 

Z-axes are as follows: 

B — 0 / 

The negative sign in Z-component indicates that the direct^ 
o, the magnetic induction f at P is opposite to that of Z-axis. 

Force acting relative to frame S: 

A test charge q is kept at a distance r from the wire. (Fig. 44 
Force exerted by the electric field on the test charge is given by 


F c = K =0 


E ~ 0 


Force exerted by the magnetic field is given by 


$ 


r I ^ 


fy’ 


qv x B 


Now, the charge is stationary at P reiative to the frame 5. 


i.e ?=(/. 


••F, - 0 

Thus no electromagnetic force acts on the test charge relative to 
the frame 5 . 


Field relative to frame 5': 


velodtv oMhl j nvest, 9 ate what happens in the frame 
velocity of the frame S' relative to S along X-axis be 


S'. 


Let 


V, 


By 


B’ 


By U transformations of electric I 



r 


intensity "j?. 


IV) 

■) 


_ 


— 
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i) 

ii) 


N0W tTy ? = 


E\ = Ex = o 


/ / k 

u 0 0 

0 0 B 2 


V = Y 


f-> -A 
u xB 


/ 


,V 


= Y 


= Y (0 - uB z ) = - y uB 7 

(-> -A 


- Y«^- 


-Ho(AT)ti - 

2nr 


UoY(^" ) u 2 

2nr 


u x B 


V 


= yx 0 = 0 


—> 


By Lorentz transformations of magnetic induction fi ' 

-» 

B„ ’ 


6 1, = 


8— Y 




r-> i 

(■—> —A 


V? 

V xf 

L 


l ) 



(-> -A 



u x 0 

1 

- 

> 

_ 


1 

^iv) 

v) 

vi) 



= Y 


= ^ 

B'x — B x =0 
8' k = y By = y x 0 =0 

■ >[-“Sr] ■ ■ 

Thus in the frame 5' there is an electric field along Y-axis and 
n “ t ic field along negative Z'-axis. 


2itr 


§; 

■ 


'Ii 
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Force acting relative to the frame 5 ': 

Force exerted by th.e electric field on the test charge i s giv 

^ ° b y 


Ft =' 


r* 

q E 


m£23Jd. 

••• F^=. qEf = 2 nr 

This force is directed along the positive V'-axis. 
Force exerted by magnetic field is given by 


-( 4 . 13 ) 


U 


X B' 


The test charge is stationary relative to the frame 5. Hence it • 
moving with velocity V= u along the negative X'-axis relative to the 
frames'. 


Fb = 


(-* -A 
u y B’_ 




Fb = quff z sin90° 


I 

i 

if 

$ 

The 

*fof 

W 

l 

inw 


j. 


■(4.14) 


KW 



= W - 

2nr 

= 

2nr 

Since ^ is directed along negative X'-axis and is directed 

, * 

along negative Z'-axis, the above force is directed along the 
negative V-axis (by using right hand rule). 

From equations (4.13) and (4.14) we see that 
F{ = Ft 

m» lhe . f j fC V e T ted by the electric and magnetic fields are equal * 
mfnni'r d r' BUt they are °PP° sit e in direction. Hence the total electro- J| 
magnetic force acting on the test charge is zero in the frame S'* ' 

4.6 FORCES BETWEEN MOVING CHARGES : 

lyina'^r^ ec,ua ' cbar 9 es <f separated by a (he 
frame S Thev arf " 9 the same ^-co-ordinate, relative W 

Se to tt;: y frameT V ' n9 Wi ‘ h the same velocity U a '° n9 

' 1 
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S’ 


<? 

? 

I 

r 

v. 


O' 


X' 


V = u 


(a) -(b) 

Fia. 4.4(a) Two equal charges are moving with the same velocity u along X-axis 
‘(| to the frame S. (b) The same charges appear to be at rest relative to the frame S, 

The charges exert repulsive electric forces on each other and 
these forces are directed along V-axis. 

^Each moving charge is equivalent to a current and it gives rise 


to a magnetic field "g around the path of the charge.! It is directed 

/along the concentric circles around the path with the path as the 
(axis. Its direction can be found out using the right hand rule./The 

other charge is moving in the magnetic field g due to the first 


charge. Hence a magnetic force ~p acts on the second charge and is 
given by^ 


—) 
F 


= 


-> 

xB 


This force acting on each charge is directed towards the other 
charge i.e.(these forces are attractive in nature and are directed along 

V-axis^ 

i We shall find out the resultant of the electric and magnetic 
VfojFoJtL purposed us introduce the frame Saving with 
/ velocity V=u relative to the frame S along x-axis. Now in this frame 
S', the'charges are stationary and hence they do not gwe nse o any 
T Magnetic field. Thus they do not exert any magnenc force on each 

I other. The electric force of repulsion exerted by the two charges on 
" ®ach other is given by 


C ' 



= 0, 


f; = 


i 

4lC6o 




n = o 


DUu V/aI 
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We shall transform these equations to the frame j as f 
By Lorentz transformations of space and time co-ordi natej '‘ : 

f - r 


y' = y 


. c 1 - 

♦. I y — 


47t€Q 


j) By Lorentz transformations of force, 


Fy- 


vr 


-> -> 
F * u 


A 


Fx ' = 




, Vu x 


Takinq inverse transformations. 








F^ 


-A 
, l l 


Fy = 


1 + 


Vu' 


Now, = ~q, and u' x = 0 for the charges. 
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= F 




Hence the resultant force exerted by the two charges on each 
L r re |ative to the frame S is given by 

^ i 

«| 

When u -0, F y = - ^ which is the electric force exerted 

by one charge on the other according to Coulomb's law. i.e. if the 
charges are stationary they exert only the electric force. When they 
are moving with a velocity u, the resultant force exerted by them on 
each other is given by 


U 2 

72 


1 


$ 


4ne 0 ^ y c 47te 0 

e. the resultant force is slightly less than the electric force. This 
happens due to the magnetic force exerted by the moving charges on 
Vh other, which is attractive in nature whereas the electric force is 

,7 ' 

repulsive in nature. 

Thus we observe that the effect of magnetic force is much less 
than the electric force. The magnetic force depends upon the 
velocity u of the charges. Hence the magnetic force is relativistic in 
nature. Thus the electric force exerted by the two charges on each 
other is greater than the magnetic force. 

QUESTIONS 

State the equation representing the Lorentz force law for a charged particle 
moving in an electromagnetic field. 

Using Lorentz transformations of force derive transformation equations for 

electric intensity E* and magnetic induction ff between two inertial frames in 
uniform relative translational motion along their common X-axis. 

[B.U. May 1989, Oct. 1989, May 1990, Oct. 1990, April 1991, April 1992, May 
1994] 

k Obtain the components of electric and magnetic field vectors of an uniformly 
moving point electric charge in an inertial frame of reference. [B.U. April 1991, 
\ April T992] 

Show that the electric field of a uniformly moving point electric charge in an 
•nertial frame of reference loses its spherical symmetry. [B.U. Oct. 1991] 

A Iona straight wire is carrying a current and lies along X-axis of the frame S. 
find tne components of electric intensity and magnetic induction produced by 
me wire relative to the frame S and S'. Hence show that if a stationary charge is 
•ying in the field, near the conductor then no electromagnetic force acts on it 
Native to the frame 5 as well as S'. 

Lnt° charges are moving with the same velocity along X-axis. Using 
ch»r« transformations of force find the resultant force exerted by the two 
charn 0n eac ^ °ther. Hence show that the electric force exerted by the two 
ges on each other is greater than the magnetic force. 



1 


1 

m} 

ft 


r • 


I 

’ll 


« 

0 


1 

|! 

}, 
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7. 


1 . 

2 . 

3. 


2 . 


3. 


Obtain expression, f ° r 

saw- 


---- --- 

t »h» forces between two identical electric pointru^ 

s ' Disc ^ 

problems 


Show that the scalar product t. S is unchanged by a Lorentz transformation , 
—> —> [B.U. Oct. 1989, May 1 9941 

£ and ? * . „„ ot!r fip Mc are perpendicular to one another in one inert J 
framfthen a SrevTt&y are perpendicular in all inertial frames.[B.U. May 19 8 J, 
Show that the ( quantity f 2 -^ 2 is invariant ^under Lorentz transformations of 

electric intensity i and magnetic induction B . [B.U. May 1990] 

If ? and 8* are electric intensity and magnetic induction respectively then 
prove that if f > cB in one inertial frame S then £' > cB' in any other inertial 
frame S'. 

FOOD FORTHOUGHT 

Special theory of Relativity has led to a formal clarification of Maxwell's 
equations of the electromagnetic field, in particular it has led to an 
understanding of the essential oneness of the electric and the magnetic field. 

-Albert Einstein 

& >$ # 

What led me more or less directly to the special theory of relativity was the 

conviction that the electromotive force acting on a body in motion in a 
magnetic field was nothing else but an electric field. - Albert Einstein 

$ $ $ # $ 

The heuristic method of the special theory of relativity is characterized by the 

on Y t ,!? ose e 9 uat 'ons are admissible as an expression of 
bv meam ofYn ^ 0 ," 01 their form whe " the co-ordinates are changed 

teLtoSom)" m 5 (covaria "« of with respect to 

turn ancUnergy, 'between 5 electnc'anrt'* necess . ar y connection between mornen- 
electrodynamic forces inert ma« C ma 9 netic f, eld strength, electrostatic and 

concept and fundamental equations"* wa^thefeb™ reduced. 

* * * * * • Mbeft mUi " 

WIMP 


S.I 
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Space - Time 
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5.1 MINKOWSKI'S FOUR-DIMENSIONAL WORLD : 

As we have discussed in § 2.9 of the second chapter, according 
to the Special theory of Relativity, space and time are intimately and 
cohesively connected with each other. They can be converted into 
each other during co-ordinate transformations from one inertial frame 
to another. V*/MT 

In 1908, H. Minkowski suggested that l^the world of physical 
phenomena is four dimensional and the events occurring in this 
world are described by four co-ordinates (x,y,z,t). The time co¬ 
ordinate t is not independent of space co-ordinates (x,y,z). It is 
connected and equivalent.to the space co-ordinates. It plays the same 
role as space co-ordinates. Even the space co-ordinates depend on 
time co-ordinate. Such four dimensional space is called Minkowski's 
space - time continuum or Minkowski world. \ ' 

A physical event becomes a point in Minkowski world, called 
world point. The trajectory of a moving particle is called world line. 
A vector of Minkowski world is called world vector or four-vector in 
order to distinguish it from the ordinary three dimensional vectors. 

Radius four-vector: 

In Euclidean space of Newtonian Relativity the length (r) of the 
radius vector is given by 

r 2 = x 2 + y 2 + z 2 

In § 1.7 of the first chapter we have proved that this distance 
between the origin and the point (x, y, z) remains invariant in all 
inertial frames of reference under Galilean transformations of space- 
time co-ordinates. , 

In a problem immediately following § 2.11 of the second 
chapter we have proved that the quantity 

x 2 + y 2 + z 2 - c 2 t 2 
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&—rs™ 

S°S”,"5. „i S ih< »«• "»*““ r “ dt, “ d * * 

S 2 = „2 + y 2 + T 2 - C 2 f 2 

= x 2 + y2 + 2 2 +1 2 C 2 t 2 where / = V-1 
j 2 = X 2 + y2 + z 2 + (r ct) 2 ; 

Generally the co-ordinates of a world point are denoted by 
x 2 , x 3/ x 4 ) such that 

Xi = x, x 2 = y, *3 = z / *4 = ict^ 

1 2 2 2 2 
/. S 2 = Xi + X 2 + X 3 + )C A 

(a vector having components (xi, x 2 , x 3 , x 4 ) is called radius 
four-vector) Since s 2 remains invariant under Lorentz transformations, 
the Lorentz transformations are nothing but the rotation of the co¬ 
ordinate axes,Xi, X 2/ X 3 , X 4 in space-time or in Minkowski world. 
Momentum four-vector: 

In a problem immediately following § 3.10 of the third chapter 
we have proved that the quantity ~ K 

2 2 2 £ 2 

Px+Py+.Pz-^Z 

remains invariant in all inertial frames under Lorentz transformations 
Of energy and momentum. Hence a vector having components 

\P*' Py f Pz'~c J ' s ca lled momentum four-vector. 

comoonenlTan hTTT of a Sector are called space 

the four-vector. Generally 1 the'timeT " 1 '* Ca " ed time component ° f 
imaginary. ^ e t,me com P°nents of all four-vectors are 

leads to the four dimwKbnai^ eaS '^ the Special th eory of Relativity 
of physics are eVe":S r,l^ mulati0n of Ph ^«- When the laws 
deeper understanding of the natnmM S '° nal covariant form ' we h , av !j 
physical quantities and their reb |. Ura J. aws and a clear picture of all 
of new phenomena and relation u? nships ‘ has led to the discovery 
5.2 SPACE-TIME DIAGRAMS : 

Relafl , vity^n 8 o,<^r t o 0 describe r< ?h UCed the use 6f 9 raphs in 

continuum and to reveal varin! he m ° tion of a Particle in space-t""' 
ships. Such graphs are called M V Spects of the space-time relat>o n ' 

called Minkowski space-time diagrams. 
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pa nmetric Representation of Space -Time 


In a space-time diagram only one space axis, the X-axis, is 
considered ignoring Y and Z-axes. The reason is that during Lorentz 
transformations, only the X-co-ordinate changes while Y and Z-co- 
ordinates remain the same. The X-axis is kept horizontal and the time 
axis is kept vertical (Fig. 5.1). In order that the units and dimensions 
of the two co-ordinates would remain the same, time t is multiplied 
by c, the velocity of light which is an universal constant remaining 
the same in all inertial frames of reference. The quantity w = ct will 
have the same unit and dimensions as those of x. It is plotted on the 
vertical axis. 

w w 



Fig. 5.1 Minkowski space-time diagram 

(An event occurring in space-time has co-ordinates ( x, t) and is 
represented by a poi nTirTtbeTpaZe-time diagrams • 

For a flash of light starting from the origin of the frame S at 
t = 0, 


c = F 


i.e. 


= ct 


or 


x = w 


Hence the world line of the flash of light is the bisector of the 
angle between the space and time axes. (Fig. 5.1). This is true for all 
inertial frames of reference. 

Lorentz transformations of space and time co-ordinates. 



X-Vt 


■fl 


w 

71 
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Let = P and ct 
x-p w 


= w 


/. x* = 


Vi - p : 


Moreover, t' = 


Vx 

tm 'F 




F“ 


cf = 


W = 


ct - — X 


w- px 

Vi - p 2 


W 

■? 


Thus we have 


w- p x 

Vi - p 2 

In this form, the equations are very symmetric. 

For the frame 5, x = 0 gives the time axis of the space-time 
diagram, and w = 0 gives its space axis. In the same manner, for the 

frame 5, x = 0 would give the time axis and w 1 = 0 would give the 
space, axis. 


_ _*-p w 

' VT^r 


w = 


Let x' • = 0 x - p w = 0 

.-. x = p w = ^. ct = Vt 

Thus x = Vt is the equation of IV-axis. Hence W'-axis starts from 

the origin 0 and is inclined to W-axis at an angle <}> (Fig. 5.1) such 
that 



But - < 1. Hence tan < 1 and 4 < 45 °. 
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Thus iv = \x is the equation of X-axis. Even X-axis starts from 

origin 0 and is inclined to X-axis at an angle * such that 

* . 1 

tan <t> = x - P - c 

Hence X'-axis and W-axisare equally inclined to the X-axis and 
Vaxis respectively. The angle of inclination * depends upon the 
velocity V of the frame S' relative to the frame 5. 

; 5 ;3 CALIBRATION OF SPACE AND TIME AXES : 

In the frame S', let us consider the quantity, 



t-£ > 

>< 

t 

i 

W-5 

/ 

IV 1 -?; 




(x - Vt) 2 

1 • F 


■("? 


Vx \2 

?) 

w 


1 ‘ F 

, / 9 2xVt V 2 x 2 \ 
(x 2 - 2xVt+ V 2 t 2 ) - c 2 ^ 2 -^- + -E r ) 


1 - ? 


V 2 x 2 


x 2 - 2xVt + V 2 t 2 - c 2 t 2 + 2xVt - 


- W 

1 - 


("$) 


+ l 2 (V 2 -c 2 ) 




1- F 


(2 (V 2 - C 2 ± 2 

X 1 + — - - • c 




(C 2 - v 2 ) 

C 2 ! 2 ( C 2 - v 2 ) 


x ‘ • (c 2 '- l/ 2 ) 

x 2 - C 2 f 2 


: 


= x 2 - w 2 


Hence the quantity x 2 - w 2 remains invariant under 
transformations of space and time co-ordinates. 



Lorent/ 


! 




d! 




































^" r Now, let us draw two branches of the hyperbola *2 - w 2 = , 

two branches of the hyperbola w 2 -x - 1 as shov ^ n p ,n F ' 9 ' 5.2. 
Intersect the X-axis and W-axis at the points P, and P 2 respects 


R 9- S.2. tK 



w 




Rg. 5.2 Two branches of hyperbola x 2 - w 2 = 1 and of w 2 - x 2 = 1 

For the point P i, w - 0 and x 2 - w 2 = 1 
.*. x 2 = 1 and x = 1 i.e. OP] = 1 

Using this distance OPi as one unit the X-axis can be calibrated 
as shown in Fig. 5.3. 

For the point Pi, x =0 and w 2 - x 2 = 1 
.*. w 2 = 1 and w = 1 i.e. OP 2 - 1 

Using this distance OP2 as one unit the W-axis can be calibrated 
as shown in Fig. 5.3. 


Since x 2 - w 2 remains invariant, for the frame 5' we can write, 

x* 2 - W 2 = x 2 - w 2 = 1 and x jj 

w 2 - y 2 = w 2 - x 2 = 1 

The two branches of the hyperbola intersect X-axis and W-axis at S|| 
the point p\ and Pi respectively. 

For the point p\, W = 0 and x' 2 - W 2 = 1 . 


x 2 = 1 and x'= 1 i.e. Op\ = 1 

Using this distance OP\ as one unit the X-axis'can be calibra 
as shown in Fig. 5.3. 


ted 
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For the point Pi, x' = 0 and W 2 - x 2 = 1 
.% W 2 = 1 and w' = 1 i.e. OP 2 = 1 

Using this distance OP 2 as one unit the W-axis can be calibrated 
as shown in Fig. 5.3. 



Fig. 5.3 Calibrated space and time axes of the frame 5 and S' 

Thus using two branches of the hyperbolas we can calibrate the 
space and time axes of the frame 5 and 5'. As you can see from Fig. 5.2, 

OP\ > OP 1 i.e. one unit of X- axis is bigger than one unit of X-axis. 

Similarly one unit of W-axis also is bigger than one unit of W-axis. 

The space and time co-ordinates of an event represented by a 
point P in space-time diagrams (Fig. 5.3) can be found out as follows: 

Draw a line parallel to W-axis from the point P. It intersects X- 
axis at a point 4.5. This is the X-co-ordinate of P. Draw a line 
parallel to X-axis from the point P. It intersects W-axis at 4. This is 
the W-co-ordinate of P. Similarly you can find out X’ and W’-co- 
ordinates of the point P for the frame S' also (See Fig. 5.3). 

5.4 RELATIVITY OF SIMULTANEITY FROM SPACE-TIME DIAGRAMS : 

Let us consider two events E-\ and £2 occurring at the same 
•nstant t but at two different points relative to the frame S. The two 
-Mpnts have the „same value of w = ct but their X - co-ordinates are 


f 
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different. They are represented by the points P } and p 
the space-time diagram [Fig 5.4 (a)]. 


2 res Pectiv e | y in 


w 


w 


W' 



w 


(a) 


(b) 


Fig. 5.4 (a) Events which are simultaneous in the frame 5 are not simultaneous In the * 
frame J (b) Events wmch are simultaneous in the frame S' are not simultaneous in the » 

framo C ^ 


From Pi and P 2 draw lines parallel to X'-axis. They intersect W - Sir 
axis at vv'i and W 2 respectively. Hence the events are occurring at the ^ 

instants t*i = an d f 2 = respectively relative to the frame S'. lr 

Since f*i * t' 2 , the events are not Simultaneous in the frame S' 
although they are simultaneous in the frame S. 

Let us consider now the two events E-\ and E 2 occurring at the 
same instant t' but at two different points relative to the frame S'. 
The two events have the same value of w' = ct' but their X' - co¬ 
ordinates are different. They are represented by the points P] and h 
in the space - time diagram 5.4 (b) L 

From p\ and P 2 draw lines parallel to X-axis. They intersect W- 
axis at w] and vv 2 respectively. Hence the events are occurring at the 

instants t\ = and f 2 = ~ respectively relative to the frame 5. S' nce 

ti * t 2 the events are not simultaneous in the frame 5 although they 
are simultaneous in the frame S'. 

Thus, we conclude that two events occurring at diffe ren * ! 
which are simultaneous in one frame of reference, are not sim 
taneous in another frame of reference in different state of 
Hence simultaneity is a relative concept 
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iORENTZ-FITZGERALD length-contraction from space- 
^• 5 time DIAGRAMS : ’ 

/Let us consider an uniform rectangular bar lying along X'-axis in 
Vame 5 * The bar is stationary relative to the frame S' and hence it 
L moving with velocity V 
along X-axis relative to the 
frame 

Let xj and X 2 be the X- 
c o-ordinates of the end 
points of the bar located 
along the length of the 
bar relative to the frame S'. 

Hence the proper length of 
the bar is given by 

(Ax) 0 = X 2 - xi 

The end points of the 
bar are represented by the 
world points p\ and P 2 res¬ 
pectively in the space-time _— 

diagram (Fig. 5.5). Fig. 5.5 Length -contraction 

Since the bar is at rest in from space-time diagram 

the frame S', the world lines of the end points are parallel to W-axis 
and are represented by the following equations : 

x' = x] and x' = X 2 

They intersect X-axis at the points Pi and P 2 respectively. 

Now at the point Pi, 

x = X!, say,x' = x\ and w = 0 

The Lorentz transformation equation, 
x- pw 



X 1 = 


vr? 

Xi - P x 0 

-Wl-P 2 

At the point P 2 

* = *2, say. 


becomes 



*1 


Vi -p 2 


X 1 = X2 


£ = &:.P . x0 


and 

t 

*2 


w = 0 


Vi -p 2 Vi -p 2 




f » 


; * 


; ! 

II 
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• • *2 " *1 “ i-/ 

Vl-P 2 *V 1 - P 2 

(X 2 -X 0 = (x 2 - x]) V1 - p 2 = (Ax)o 

! 

Now (x 2 - xi) = Ax # the observed length of the bar relative 
the frame S. ' 10 

I V 2 

Ax = (Ax) 0 ^1-^z 

This is nothing but Lorentz-Fitzgerald length-contraction 
V 2 / V 2 

formula. Since -^is always positive, is always less than 1. 

\ 

/. Ax < (Ax) 0 

i.e. the observed length of the moving bar is less than its proper 
length. Thus while moving with velocity V, the bar appears to be 

V " V 2 

1 - ^jr. 

5.6 EINSTEIN'S TIME-DILATION FROM SPACE-TIME DIAGRAMS : 

Two events Ey and f 2 are occurring at the same point having X- 

co-ordinate x' = *i 
relative to the frame 5' 
but at two different, 
instants of time h and 
f 2 respectively. Hence 
the place of events is 
stationary relative to 
the frame 5'. It is m0 J 
ving with velocity " 
along X-axis relative to 
the frame 5. The prop 
time-interval betwe 
the two events is 





( At )0 = ' 2'' 1 


of 


Since the pW* 

Fig. 5.6 Time-dilation from space-time diagram the events is f ^ 

e frame S', its world line is parallel to W’-axis and is represer 1 
e equation, x’ = xj. The time co-ordinates of the events are 

w\ ' = ct| and w 2 = ct 2 
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events are represented by the world points Pi and P2 on the 

lj n e x 1 - xi. From the points p\ and P 2 draw lines parallel to 

thev intersect W-axis at Pi and P2 respectively. 

X.ax |S> l 7 

Corresponding to the point Pi, 

w = wi, say, w' = wi, x' = xi 
fvjow the Lorentz transformation equation is 
w- Bx 

1 W = — 

Vi-p 2 

Taking inverse transformations, 
w 1 + Bx' 

w = - r —- 

Vi -p 2 

wl + pxl 

•••Wi = r - =±- 

\1 - p 2 ‘ 

Corresponding to the point P 2 , 

I 

w = w 2 , say, w' = W2, 

W 2 + Px] 

Vi-pT 


x'= Xi 


W2 = 


W2 - W] = 


W2 + PX 1 Wi + pXl 

V 1 -P 2 Vi-p 2 

w; + px;-^, -pxi ^2 -wl . 

~r = vtf" 


ct 2 - ch - 


t 2 - fi - 


Vi 

I » 

Cfr - Ctl 

i-5 

f2-t] 



(AQo 



1 - 


Now t 2 -1, = At, the observed time-interval between the two 
events relative to the frame 5. 



At = 


(At) 0 








i v 

! 


1 r 

S 1 
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This is nothing but Einstein's time-dilation formula Sin v2 

I y2 6 ? is 

always positive, *y 1- '$ always less than 1. 

At > (At) 0 

i.e. if the place of events is moving the observed tim * 
between two events appears to be expanded (i.e. dilated} r e A lntervaI 
to the proper time-interval. 1 ' as COm Pared 

5.7 SPACE-TIME INTERVAL BETWEEN TWO EVENTS : 

In Euclidean geometry the infinitesimal distance ds ho», 
two points is given by betWe *n 

* ds 2 = dx 2 + dy 2 + dz 2 

This distance ds remains invariant in all inertial fram« 
reference under Galilean transformations. es 0 

In analogy with this, the space-time Interval ds betwppn t, 

wor^is^iven'by inflniteSima "y dose *° each ^er in Minkowski 

, ds 2 = c 2 dt 2 -dx 2 - dy 2 - dz 2 

Even this space-time interval ds remains invariant in ail inertial 
rrames under Lorentz transformations. 

axis and d j a f amS we consider onl V space axis, the X- 

9 nd Z-axes. Hence the above equation becomes 

ds 2 = c 2 dt 2 - c/x 2 


Moreover, 


dw = c.dt 


w = ct 
ds 2 = dw 2 - dx 2 

rem^l a r r e a P , r0V l d *" § 5 3 of the P”*ent chapter that 
nrdinatoc w ' n ^2 6r h 01 ? 0 * 2 transformations of space and time co¬ 
frames 6nCe S = ' d* 2 also remains invariant in all inertial 

i.e. ds 2 = dw 2 - dx 2 = dw , 2 - dx' 2 

nfh 0 r D ;n!i° .M?’ 5 ' What , ever is tr ue in the frame S will hold good in all 
other inertial frames of reference. - y 

5.8 TIME ORDER AND SPACE SEPARATION OF EVENTS : 

Let us consider one event occurring at 0. Draw space and time 
axes with the point 0 as the origin. 

For-a flash of light starting from the origin O at t- 0, 


Rg.s.7 


hand 


c = t 


i.e. 


x = 


ct or x = w 


% 


\ 

% 
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Hence the world line of the flash of light emitted from 0 is the 
c tor of the angle between the space and time axes. Draw world 
J® 0 f the flash of light, represented by x = + w and x = - w (Fig. 
5 7)These l,nes < * ,v,c * e ent,re space-time into four regions. 





Fig. 5.7 Division of spaco-time into (I) absolute future, (II) absolute past and 
, (III & IV) present. 

Region I : For any event whose world point P lies in the region I, we 
can draw W'-axis passing through O and P. Hence there exists an 
inertial frame 5' having X'-axis and W-axis as space-time axes, in 
which the events 0 and P occur at the same point, *' = 0. They are 
separated in time only. No other event represented in this region can 
be simultaneous with the event 0. For all such events w > 0 i.e. t > 0. 
Hence all events represented in this region occur after the event 0. 
Due to this, the region I is called absolute future relative to 0. 

The space - time interval between the event 0 and the event P is 
given by 

cfe 2 = dw 2 - dx 2 = (w - 0) 2 - (x - 0) 2 = w 2 - x 2 

For all the points P lying in the region I, w > x in magnitude, 
hence w 2 > x 2 and ds 2 is positive. Such space - time interval ds is 

c»u*A j ui^ | n t en J a | # 
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Again, since w > x in magnitude, ct > x i.e. c > * or * < 

any signal from 0 to P travels with a velocity which is |p« * 

velocity of light c. Such signal can really exist in nature Henro Ill 6 
events 0 and P can be causally related (i.e. they can be related 
each other as a cause and effect respectively.) * ^ 

Region II : Like region I, any event represented by a world noint in 
the region II is separated from the event 0 in time only For all th" 
events represented in this region, * < 0 i.e. t < 0 Hence thev 1 

sfiK r* °- “ *“• •• "s'”" > “ « 

H . n /°!. al1 the. points lying in this region, w > x in magnitude 
e the space-time interval is again time-like interval The event, 
can be causally related with 0. events 

f ° r the , events represented in regions I and II there is a 
relatedTaN inmial tZT *° ° ^ they « be 

re^on'll/fFicT's 7t L FOr any , eVent , Wh ° Se world P° int Q lies the 

frame S ' havin 9 '-"and w’-axis as 

= c’f = 0 Thl hlCh he GVentS 0 and Q 0CCUr at the same time ^ 

inertial frampc s P ace on *y- We can always find 

similarly reninn i\a IC f vents re P res ented in this region III (and 
reaion/ are raiipH s, ™ ultaneous with the event 0. Hence these 
definite time orrW rh For . al1 these events there is no 

another ^ tlme ° rder varies ^ om one inertial frame to- 

given™^ 6 ’*™ between the event 0 and the event Q i$ 

f = dw*-dx* = (IV- 0)2. (*- 0)2 = yy2 _ 

* he poin 2 S Q 'y in 9 in regions III and IV, w < x in 

. . ® an d ds 2 is negative. Such space-time 

interval ds is called space-like IntervalN 

Again, since w<x in magnitude/ 


ct < x 


c < 


X 

t 


or 


i.e. 


T > 


i • 


th» , 9 , T 0 t0 Q travels with a velocity which is g rea ^ 
h V S 01 '9 bt c : According to the Special theory of Relat^V 
such signal can not exist in nature. Hence the events 0 and Q « n 
e casualty related, i.e. the events can not interact with each other * 
a cause and effect physically, since the events are not cause")' 
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-fi ZZrfric Representation of Space-Time 

<7 e d they need not have any definite time - order. Thus the Special 
[heory of Relativity is consistent with the principle of causality. 


For a world point R lying on the world line of a flash of light, 
x s w. The space time interval between the event 0 and the event R 
is given by 


ds 2 = dw 2 x . dx 2 = (w - 0) 2 - (x - 0) 2 = w 2 - x 2 = 0 


Such space-time interval ds is called light - like interval. 

QUESTIONS 

1. Discuss Minkowski's four dimensional space-time continuum. [B.U. April 1988] 

2 . What are space-time diagrams? [B.U. Oct. 1984, April 1986, Oct. 1987, 
Oct. 1989, May 1990, Oct. 1990, April 1991, Oct. 1991, April 1992, May 1993, 
Oct. 1993] 

3. Explain how space-time of Relativity can be represented geometrically. 

[B.U. April 1984, April 1989, Oct. 1992] 

4. Using a space-time diagram illustrate how two events which are simultaneous in 
one inertial frame occur at different times in another inertial frame. 

[B.U. April 1984, April 1989, Oct. 1992] 

5. Draw suitable space-time diagrams to explain the concept of relativity of 
simultaneity, length-contraction and time-dilation. [B.U. Oct. 1984, April 1986, 
Oct. 1987, Oct. 1989, May 1990, Oct. 1990, April 1991, Oct. 1991, April 1992, 
May 1993, Oct. 1993, May 1994] 

6. What is space-time interval between two events? 

7. Write a note on time order and space separation of events. 

[B.U. Oct. 1984, April 1986, Oct. 1989, April 1992, Oct. 1993] 

8. Discuss time order and space separation of events. Bring out the meaning of 

"time-like" and "space-like" intervals. Drawing appropriate .diagram explain 
"Present", "absolute future" and "absolute past". [B.U. April 1987] 

9. When is the time-interval between two events space-like? Can we establish time 

order between two events separated by a space-like interval? Give necessary 
reasoning to supplement your answer. Explain what is meant by light - like 
interval? [B.U. April 1984, Oct. 1992] 

10. In order that two events may be causally related (i.e. related as a cause and 
effect) should the space-time interval between them space-like or time - lime? 
Explain the reason. 


FOOD FORTHOUGHT 


$ 

1 

■ 

i 



1 We have then, the development from the three-dimensional picture of the world v ‘ 
to the four-dimensional picture. The reader will probably not be happy with this 
situation because the world still appears three-dimensional to his consciousness. 

How can one bring this appearance into the four - dimensional picture that 
Einstein requires the physicist to have? |}f 

What appears to our consciousness is really a three-dimensional section of the ' 
four-dimensional picture. We must take a three-dimensional section to give us 
what appears to our consciousness at one time, at a later time we shall Tiave a . 
different three-dimensional section. The task of the physicist consists largely of 
relatinq events in one of these sections to events in another section referring to 

a later time.Quantum theory has taught us that we have to take the process of 

observation into account, and observations usually require us to bring in the 
three-dimensional sections of the four - dimensional picture of the universe. 

- P.A.M. Dirac U 


A A A A A 

2 * In considering time as the fourth dimension more or less equivalent to the three 
spatial dimensions we run into one rather difficult question. When we measure 
length, width or height we can use in all three cases one and the same unit, say 1 
Inch or 1 foot. But time-duration cannot be measured either in feet or in inches 
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_ —- r . . a reasonable wav In which a lenmh 

think little more yo u £?,? often hear it said that someone live? •fl 1 * a 
l f SSJLfSay be compared- You °tj ^ that s0 ^ e p| ace JS "only five h * WithJ 

by 9ivin9 t,me necesury,0 ***% 

Sslng’a give" W* of ‘'^Cme'standard velocity we should be able to ex 
Tbus if we could agree on some ^ ^ versa !t , s dear, of course, (h *, p '?« 
time Intervals!" chosen as the fundamental translation factor betwi he 

Standard velocity to be Ch fundamental and general nature. The m 

space and time must be I t the des , re d degree of generality f. ° t ?f 

3® S®5 spreading* through empty space. ^ - Ceo*?, 

. i » enara nuances and time intervals between various events must now k 
wnsidered only as projections of the basic four ■ dimensional sep a , a "> 
brtween these events; on the space and on the time axis, so that the rotation ", 
theTour-dimensional axes - cross may result in partial transformation of distance 
into durations and vice versa. - George Gamow 

***** 

Relativity theory, which has endowed classical physics with unprecedented 
unity and scope, has just through its elucidation of the conditions for the un 
ambiguous use.of elementary physical concepts allowed a concise formulation of 
the principle of causality along most general lines. . fjj e i. « . 


biguous use.or elementary pnysicai concepts aiic 
principle of causality along most general lines. 

***** 

S? S? I? 
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In this chapter we shall study one most controversial as well as 
(post famous topic of Relativity called twin paradox or clock paradox. 

6.1 THE TWIN PARADOX : 

Let us consider Einstein's time-dilation formula, 

(At)o 


At = 




1 


"V 2 

7 


I t 


fl 


till 


y2 / yZ 

Since is always positive, y 1 -~£? ' s l ess *ban 1 • 

At > (At)o 

When the place of events is moving with velocity V, the obser¬ 
ved time-interval At between two events appears to be expanded or 
dilated as compared to the proper time-interval between the same 

two events. 

% 

Due to this, one second of a moving clock is longer than one 
second of a stationary clock. Hence a moving clock appears to run 
slow as compared to a stationary clock. 

In 1911, Einstein predicted the following. Let one of two twin, 
brothers remain at home* and the other go on a long round trip, > 
travelling with very high velocity, comparable to the velocity of * 
light. When the second twin returns home after several years, he 
Would appear to be much younger than the twin who stayed at home. 

Now, in Relativity there is neither absolute rest nor absolute 
motion. The motion between two frames is always relative. Hence 
each one of the two twins would regard himself to be stationary and 
*he other travelling. Einstein’s time-dilation phenomenon is 
f eciprocal. For the observer in the frame S, the clock of the frame S 
a PPears to be running slow and for the observer in the frame S the 
jpck of the frame S appears to be running slow. Thus for the twin at 

EL: . * 
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home, the travelling twin should appear to be younger th 
For the travelling twin, the twin at home must appear to h° 
than himself. Now, both of these cannot happen in reality ^° Un 9ei 
we can say that only one can be younger than the other, both°^ Ca,, y 
be younger than each other. Such contradictory result is c 11 Can %t 
paradox or clock paradox. a ec * tv/,- 

6.2 THE RESOLUTION OF TWIN PARADOX : 

Such paradox arises because the travelling twin is on a 
journey. When he begins his trip his frame of reference musM^ 
been accelerated heavily to attain high velocity V, comparabi e 
the velocity of light. To return back home he must have reversed 6to 
velocity of the frame of reference from V to -V. This also inv i^ e 
high acceleration. In order to stop at home he must have retarded th S 
frame of reference heavily. This frame is not an inertial frame at if 
The twin at home is in an inertial frame of reference. Thus the t 
twins are not in symmetric and interchangeable situations. Hence o° 
cannot expect the result to be reciprocal i.e. both the twins cannot 
be younger than each other. 1 

The results of the Special theory of Relativity are applicable 
only to inertial frames of reference. If the travelling twin also would 
have been in an inertial frame then he would have gone away from 
the twin at home and would never have returned home. In that case 
each'twin would certainly claim from his own frame of reference that 
the other's clock appears to be running slow as compared to his own 
clock and the other twin appears to be younger than himself. 

Actually the travelling twin is in non-inertiai frame of reference; 

As we shall see in the next chapter, a non-inertial frame of reference 
is equivalent to a gravitational field. Hence the travelling twin is 
subjected to a strong, gravitational field. It has been found that the 
clocks run slow in strong gravitational field. The physical growth of 
the travelling twin would be slow in the strong gravitational field. 

This effect of gravitational field is similar to the effect of refrigera- |st 
tion on the growth of vegetables, fruits and meat. Hence the 
travelling twin would appear to be younger than the twin at home. 

6.3 SPACE-TIME DIAGRAM OF TWIN PARADOX • $ 

Initially both the twin brothers are at home represented by the 
world point 0 in the space-time diagram (Fig.6.1). 

One of the twins moves along a round path and returns home 
after several years. He first moves to a distant point with an uniform 
constant velocity except at the start. This is represented by the world 
line OA. Then he turns back towards home. Except at the turning 
point and at the final point he moves with uniform constant velocity 
again and reaches home. This is represented by the world line AB. 
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Fig 6.1 The world lines of the twins 


y The other twin remains at home. Since he is stationary at 0, his 
y world line is the straight line OB. 


i Route-Dependence of proper time : 

Considering Einstein's time-dilation formula, 

dtp f 


dt = 




But 


••• dt 0 = dt *^1 - ^ 
d) 

V = 


dx 

dt 


= 

v 2 = 


- w 

dt\^ 


dx 2 

W 


dtp = 


V 


dt 2 


dx 2 


For the travelling twin the proper time-interval of the round trip 
is given by 


$ 


( A *o)t - 1 ^0 " 

OAB 


OAB 




dl 2 - 


dx l 


...( 6 . 1 ) 


For the twin at home, the proper time-interval of the round trip 
is given by 



( A 'o)»i = \dt 0 

OB 


IV 


dt 2 


~W 


OB 


r 1 

i I i 


? 


!f 




l|i 

n 




I 


JL 
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Now, over 


the world line OB, dx - 0 


OB 




Let us 


compare the equations (6.1) and (6.2). Since ^ 


fllty; 


% 


positive, 

(M 0 )j < (At 0 )H 

i.e.proper time of the travelling clock is less than the proper tim 
the clock at home. Hence the travelling twin appears to be yo ? ° f 
than the twin at home. n 9 er 

Moreover the value of the proper time-interval (Af 0 ) T 0 f 
travelling twin' depends upon the path OAB along which the t 
completes the round journey. This is called Route dependence of? 
proper time. e 

6.4 EXPERIMENTAL VERIFICATION: 

It is not possible to devise an experiment in which we would 
keep one twin at home and send the other twin on a round trip in 
space and verify the effects directly because no spaceship can travel " 
with a high velocity comparable to the velocity of light c = 3 x 10 8 w 
m/s. W 

However, experiments have been performed on radioactive 
nuclei using the apparatus of Mossbauer effect. It has been observed 
that a sample of radioactive nuclei lying on the perimeter of a 
revolving turntable undergo fewer decays than an identical sample 
kept at rest at the centre of the turntable, i.e. the rate of decay of the 
radioactive nuclei on the round trip is less than those at the, centre. 
Thus the clock paradox is true. The twin on the round trip would be 
ageing less and hence appear younger than the tvvirr at home. 

u/hf . , . QUESTIONS 

dZ EXP 'f in reS0 ' Uli0n of Paradox. [B.U. Oct 19901 

D aw space-t.me diagram of twin paradox. [B.U. Oct. 990] 

What do you understand by "The route dependence of proper time"? ^ 

Write a short nnto „ . l B -U. A P ril 1985 , April 1988 , May W 

April 1992, Oct. 1992°, 0^1993,^^ i^' 0ct1989 ' A P ril 1991 ' ° Ct ' 

limited doma^o^validity ^ S P e< j! al . theor y of relativity cannot 
regard the influences A°p& £ nT?^ 

oMhe'condusfonTdrnwn^fromlus 1 ' 05 in its lotJical completeness. « a * 

-Utout destroying the *£3?Zgg£ 


1. 

2 . 

3. 

4. 


1. 



v v * 


ttsi.ll 


r y 
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General Theory of Relativity 


In the preceding chapters we have formulated the Special theory 
of Relativity which is valid and applicable only in inertial frames of 
reference. We have seen in § 1.3 of the first chapter that in reality 
there is no 100 % perfect inertial frame of reference in the universe. 
Ideal inertial frame exists only in theory. All our actual frames of 
reference are non-inertial. Can we formulate a theory which would be 
valid and applicable in all types of frames of reference, inertial as 
well as non-inertial? Can we build up a real relativistic Physics 
which would be valid in all frames of reference - whatever may be 
their states of motion? Then the laws of Physics would be true and 
identical in all frames of reference. The new theory would reduce to 
the SpeciaJ theory of Relativity for inertial frames of reference. 

Einstein took up this task and in 1916 he put forward a theory 
which is valid in all frames of reference. This theory is called 
General theory of Relativity and it is probably the most beautiful and 
the most perfect of all the existing theories of Physics. In the present 
chapter we shall .discuss the elements of General theory of Relativity. 

It is founded on two simple postulates which are as follows. 

I 7.1 BASIC POSTULATES OF GENERAL THEORY OF RELATIVITY : 

1. Principle of General Covariance : 

All the laws of Physics are invariant in all frames of reference, 
Inertial as well as non-inertial. i.e. the equations representing the 
a. laws of Physics should have the same form in all frames of reference, 
whatever may be their states pf motion. 

Principle of Equivalence : 

In a small region of space-time, a non-inertial frame of reference 
fc equivalent to a gravitational field. 

We shall study and discuss these two principles in detail in the 
Mowing sections. 
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7.2 PRINCIPLE OF GENERAL COVARIANCE : 

As we have seen in the second chapter, the basic nh- 
the Special theory of Relativity is that the description - 
events and the values of the physical quantities may chan 
inertial frame of reference to another but all the natu 
Physics should be invariant in all inertial frames of refere 
Lorentz transformations. This philosophy led to the devel Unde r 
one of the most consistent theories of Physics and it yielJe^ 601 of 


5 Of 


natura l law 
?nc e 


epoch - making results. 


n^ny 


The great success achieved by the Special theory of r i • 
led Einstein to extend this philosophy to all frames of re f eativi ty 
inertial as well as non-inertial frames of reference. The prinr ^ nCe ' 
general covariance stresses that all laws of Physics should* °* 
formulated in such a way that the equations representing them $h ^ 
have the same form in all frames of reference - whatever may be te¬ 
states of motion, i.e. the equations should have the covariant fo^ 
with respect to any arbitrary co-ordinate transformation. This canT 
done by expressing the laws of Physics in the form of tensor 
equations, i.e. all terms in the equation should be tensors of the same 
rank. The reason is that a tensor equation has the same form in all co¬ 
ordinate systems and in all frames of reference. 

For example, Einstein's gravitational field equation is 
R ik - \ 9ik R = 8n T ik 

where T ik is energy-momentum tensor of the matter producing the 
gravitational field, R-, k is Riemann curvature tensor of the corres¬ 
ponding space-time and g,* is metric tensor of the space - time. 

Each term in this equation is a tensor of rank two. When we 
transform the equation to some other arbitrary frame of reference 5'it 
becomes. 


b 

W 

jde 

!{ s; 


Jpf 

ccc 

bj< 

ibs 

b: 


of 


R ik ~ 2 9 ik R — Src T'j k 

Thus the tensor equation can retain its form in any frame 
reference. 

We know from Classical Mechanics that while constructing ^ 
equation representing a law of Physics it is always required that 
terms of the equation should be all scalars or all vectors. The P r ' 
pie of general covariance imposes a general condition viz. the te^ ^ 
of the equation representing a law of Physics should be al1 . tenS a ||y in 
the same rank. Then the equation will retain its form uni ^ t in ; all 
all frames of reference and the law of Physics will be invaria 
frames of reference whatever may be their states of motion. 


8 
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pR|N CIPLE OF EQUIVALENCE: 

P Uustraie the principle of equivalence Einstein devised one 
Experiment with an elevator. 

°^, 's Elevator : We know from Classical Mechanics that the acce- 
'V^-^due to gravity, denoted by 'g' remains the same for bodies of 
\^cf l0 pnt masses and different materials. This fact was first discovered 
\!m ralileo experimentally by dropping objects of different masses 
.| ie Leaning Tower of Pisa. In other words, different bodies 
U nuire the same acceleration 'g' (roughly equal to 9.8 m/s ) in the 
01 , relational field of earth irrespective of their masses. 

f r Sfl Let us consider an elevator (i.e. a lift) at the top of a high sky¬ 
scraper. Imagine that the cable of the elevator breaks and the 
jhM| 0 val°r falls freely in the gravitational field of the earth. 


h 




ft 


JW 
rL ' J 


of 




An observer lying outside the elevator (who is looking through 
the window of the elevator) finds that the elevator and the observer 
inside it are falling down, both with 
Ihe same acceleration 'g'. 

The observer inside the elevator 
'ftk^has no information of anything, 
niu'ijf’iappening outside his elevator. He 
drops an object, (see Fig. 7.1). Now, 
according to the outside observer this 
object also should fall down with the 
same acceleration 'g' as that of the 
observer and the elevator. The inside 
observer finds that the object remains 
at the same place where he had drop¬ 
ped it and does not fall down to the 
floor of the elevator. He immediately 
concludes that the gravitational field 

s absent inside the elevator. Thus a Fig. 7.1 An observer ms.de an 

a . n ;. ,, nf reference (i e the elevator falling downwards 

non-inertial frame of reterence u.e. *■ c pliminate the 

elevator falling down with accelerate g ) can eliminate the 

■ gravitational field. 

/I . , „\zr P the elevator in a region of space where the 

^'gravitational Held is absent. The observer inside the elevator drops 
an object and finds that the object remains in the same pos bon 
Mere he had dropped it. He concludes that e gr the 

absent inside the elevator. Now, some person lym™ 
.elevator pulls up the cable of the elevator Wl up w nh a 

Jfence the outside observer finds that the eleva jnert j a an< j 

•anstant acceleration (a). The object obeys the law of inertia 
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P?E^; j h b V 0 :' 9 ," a |! the 'acceleration (o)°Th° f lnnVot , ‘ 0r s sP 

Caches the object w hat ^ happenjng outside the er ° b *r%>Mt 

- ' " 0 dd k eTfinds that the object falls down - to the floor 0 f £'**• H M 
with an acceleration (a). He concludes that, now, the gra vi >$’ 
I) i„<iHe the elevator. Thus a non-mertial frame nr.!,“ ,t,0 "al M 

W 

A 1 

elf 


suauciM/ ■" jQ (J ) He concludes that, now, the nra • eV| 

reld exists inside the elevator. Thus a non-inertial frame of 
p e the elevator moving up with the acceleration ( 0)] can £*nce >* 

gravitational field. ® a 

These two conceptual experiments show that a nomine,• J 
frame of reference can eliminate as well as create a gravitat o!! / 
field in a region of space-time. Hence a non-inertial frame of referen 
is equivalent to a gravitational field in a region of space- timeT? 
is the substance of the Principle of equivalence. 1 nis 

Rotating Non-inertial Frames of Reference : 


liy MUirmti umi ■ « winvj x/. --— ■ 

A rotating frame of reference (for example a rotating marry. qo . 
round) is a non-inertial frame of reference. A body lying in such a 
frame of reference experiences centrifugal force directed away f rom 


id 


V 

si 

)0V f 


inert- 

have 

grav 

a no 
a sn 
oft 
Ger 


1A 

n 

be 

m 


11 a i lie: i i v.i vi vi icv cA(jciivii\.v,j 

the axis of rotation. It is given by 
F = mrco 2 

where m is the mass of the body, r is the distance of the body from* m 

the axis of rotation and co is angular velocity of the rotating frame of 
relative to a stationary frame. 

The centrifugal acceleration experienced by the body is given by 
a = /to 2 

which does not depend upon the mass of the body. i.e. bodies of 
different masses located at the same distance from the axis off 
rotation attain the same acceleration. In this respect it is similar to 
the acceleration due to gravity 'g'. Hence the bodies behave as if they 
are lying in a gravitational field which is directed away from the 
ax's of rotation. As we move away from the axis of rotation the 
cen ri uga acceleration increases, or equivalently centrifugal f° rce 
nrav^r^ f r ?!! n inter P r eted by saying that the intensity of the 
increasing? 16 ^ P resent in the rotating frame of reference 9 oeS ^ | 
frame Th r ° m Zer0 3S We move awa y from the axis of rotation o 1 

gravitational ^erd" r ° tatin9 frame ° f ref “ is eqUiVa ' ent '° I 

acceleration's of r ? fe [' ence which is moving with uniform 

in the corresnnnH- UlVa t0 a constant / uniform gravitati°na 

of referenced re ^° n ° f s P ate - time - the acceleration ^^ 

K- varvinn C an ^ es ^ en the frame is equivalent to 

V ^ ,n 9 gravitational field 
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pt*' * 

should be emphasized that a non-inertial frame of reference is 
'lent to a gravitational field in a small region of space-time 
eqU 't is not identical with the actual gravitational field. For 
bUt mole, at infinite distances from the bodies producing the 
u Stational field the actual gravitational field becomes zero. But 
v gravitational field to which a non-inertial frame of reference is 
4 equivalent does not become zero at infinity. 

According to Principle of equivalence, all that can be done is 
_ » 0 eliminate the gravitational field in a certain small region of 
< space-time where the field can be considered to be uniform, by 
‘ introducing a non-inertial frame of reference whose acceleration is 
the same as that which would be acquired by a particle lying in the 
above gravitational field. 

Thus as soon as we try to extend our theory of Relativity from 
inertial frame of reference to a non-inertial frame of reference we 
have to deal with gravitational field. We cannot escape from the 
gravitational field because, according to the principle of equivalence, 
a non-inertial frame of reference is as good as a gravitational field in 
a small region of space - time. The gravitational field becomes one 
of the properties of a non-inertial frame of reference. Hence the 
U General theory of Relativity automatically leads to the formulation 
of a new theory of gravitation. 

7.4 EQUALITY OF INERTIAL AND GRAVITATIONAL MASS : 

Inertial mass : A force F-, called inertial force acts on a body. The 
body acquires an acceleration o-,. Then by Newtons second law of 
motion 


Fi =• 


m; = 


mpi 

El. 

0 / 


The quantity m,-given by the above formula is called inertial 
mass of the body. 

Gravitational mass : Let the,same body be kept in a gravitational 
field where the intensity of'the field is l g , Then a force fg. called 
gravitational force acts on the body which is given by 

Fg — 


rrin = 


_ Eg. 


The quantity m g given by the above formula is called gravita¬ 
tional mass of the body. 

Now, let the inertial force Fj be produced by the gravitational 
Held i.e. Fj = F a 
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= m n i 


g'g 
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Then a,- is the acceleration due to gravity i.e. a- = 


m i • g = 

:.g 


= m n . I 


'9 • '9 


_ Hk. I 
m '9 


While discussing the principle of equivalence, we h 
that it has been observed experimentally that the acceleraf ^ Seen 
gravity (g), remains the same for bodies of different mas^*' 0 " ,? ,Je to 
rent materials. All different bodies acquire the same acc£«1? diffe ' 
m the gravitational field of the earth irrespective of their ' 0n ® 
i.e. g remains constant at a point in the gravitational field w 8 * 5 
the intensity of the field always remains constant at a point °h£ ' g ‘ 

-3- chrtliU iL. __ .. r . '■® 


mg nence 

m, shou,d remam the same for all bodies of different masses, i P 
m * * we 


f* * • 

ra 10 rrij ,s constant and by selecting proper units we can make that 
constant to be 1 . ai 


m 

m 


'/ 


= 1 


i.e. 


m g = rrij 


inertiarmls^This V Sitv oTih ° f 3 *?° < * is alwa ^ to its 
mass of a body is sometimes r if ^ r ^ v| t ai ' ona ^ mass and inertial 
equality has been verifiPH 6S ed Pr,nci P le of equivalence. The 

Dicke in 1964 to a very highXg^ollL'acy 01 " 05 ^ ^ by 
7.5 SPACE - TIME GEOMETRY IN THE GRAVITATIONAL FIELD : 

Relativity the"s S Dace in of he h eC ° n | 1 chapter ( see § 2.8), in Newtonian 
which \s a three dimpncL p .^ ysica . Phenomena is Euclidean space 
two points of the SDacp h/ co . n h nuum ’ The distance (ds) between 
given by P ymg ,nf,m tesimally close to each other is 

ds 2 = dx 2 + dy 2 + dz 2 


intimately and cohesively cn ^ of Relativity the space and time are 
be converted into each bthpr"^^ With each other and they can 

form one inertial framp frk dunn 9 the co-ordinate transformations 

physical phenomena is m* ot her inertial frame. The world o 

space - time continuum ^ ° W$ ' Space which ls four dlmensiona ' 

events occurring infinitesima1iv Pa | Ce “ time interval (d5) betw f n ^ 
ds 2 - <- 2 w »2 ji y close to each other is given by 

* ; d f. dj2 


mm 


m 


Scanned by CamScannt 












General Theory of Relativity 


213 


V 

s 

s 

\ 

s 

‘f, 


t nice ' n the sense that ds2 is the sum of the squares of the co-ordinate 
differentials. Even this space-time is flat. 

The geometry of the space-time changes drastically when the 
qravitati° na l field is present in the space-time or equivalently when 
w e consider the corresponding non-inertial frame of reference. The 
geometry becomes completely non-Euclidean. To understand this, let 
us consider the following thought experiment. 

There are two frames of reference 5 and S', Their origins are 
coinciding with each other and their Z-axes also are coinciding with 
each other. The frame 5 is an inertial frame whereas the frame S' is 
rotating relative to 5 about their common Z-axis. 

A circle in X - Y plane of the frame S with centre at origin can be 
regarded as a circle in X'- V" plane of the frame. 5' also. The observer in 
the frame S measures the circumference L and the diameter D of the 

circle using a scale of unit length. He then finds the ratio of p which 
obviously comes out as 
L 

D ~ K ' 

in accordance with Euclidean geometry. 

Now, the observer in the rotating frame S' also measures the 
circumference L' and diameter D' of the circle of the frame S’ in the 
same manner. 

Observing this process of measurement from the frame 5 we find 
that when the scale of unit length is kept along the circumference it 
is lying in the direction of the tangential velocity V and hence its 
length decreases due to Lorentz-Fitzgerald length-contraction. There¬ 
fore L' comes out to be greater than L. When the scale of unit length 
is kept along the diameter it is lying in the direction perpendicular 
to the tangential velocity V and hence its length remains unchanged. 
Due to this, D' comes out to be equal to D. The ratio of the 
circumference to diameter is 


L' 

a > 


D - K, 


i.e. 


L' 

a > 


K 


f 



Thus the ratio is greater than n. This experiment strikingly shows 
that the Euclidean geometry is valid in the inertial frame of reference 
S but it does not hold good in the non-inertial frame 5, i.e. in the 
equivalent gravitational field. Thus in the presence of a gravi¬ 
tational field the space becomes non-Euclidean. 

Let us keep a clock at the centre of the circle in the frame S', and 
a similar clock at the circumference of the circle. Now, the clock at 

Mfc; -:/.: __ ' - 
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“ the clock at the circumference k m 

*?""£ tangential velocity V. Hence we observe that > 
*'‘ h . t n,e 9 - dilation this clock runs slow as compared , 0 '° 
E , 1.KhP centre The clock at the circumference is lyi nQ ° 
equivalent gravitational field directed away from , he a xis ^ 
rota ion whereas the clock at the centre is free from the gravitation® 
Held. Thus we conclude that a clock lying in a gravitational f| e ,J 
appears to run slow. 

These experiments clearly establish the following : 

In the presence of gravitational field the space-time geometry 
becomes non-Euclidean. It is not even Minkowskian. 1 

According to Einstein's theory of gravitation, in the absence of 
matter there "is no gravitational field and the space-time continuum 
is flat. [See Fig. 7.2 (a)] Here Euclidean geometry holds good. 



(a) 



J 

V. 


(b) Curved^snl ime f COnt,nUUm ln t ^ le absence of matter. (in 

two dimensions ) 110 contlnuum ,n the presence of the m 
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on as matter enters the space-time continuum, the continuum 
AS5 c° curved. The presence of matter causes the space-time 

t0 bend [See Fig * 72 (b)] * T he bigge J r the ™ SS the ,arger iS 

the 


curva ture °f tbe continuum. On the curved space-time Euclidean 


ometry is not valid. 

For example, the sum of the three angles of a triangle drawn on a 
ln . is always equal to 180°. This simple theorem of Euclidean 
i p3 Ltrv is not valid if the triangle is drawn on the surface of a 
h ^here as shown in Fig. 7.3. For cuived space-time we shall have to 


s 

c °fllil 

>d. 


devise a new geometry 



7 


r 


i 


90°+ 90°+ 30° = 210° 


Rg. 7.3 Euclidean geometry is true on a plane surface but not on the surface of a sphere 
7.6 RIEMANNIAN SPACE - TIME CONTINUUM : 

In a frame of reference rotating with angular velocity co about Z- 
axis, ds 2 is given by 

d 5 2 = [c 2 - co 2 (x 2 + y 2 )] dt 2 - dx 2 - dy 2 - dz 2 + 2 coy dx.dt - 2 cox dy.dt 

Here ds 2 is not the sum of the squares of the co-ordinate differen¬ 
tials It also contains the product of the co-ordinate differentials 
such as dx.dt, dy.dt. Hence in a general non-ihertial frame of reference 
ds 2 is expressed in quadratic form of general co-ordinate differentials 

as follows : 


ds 2 = 


^ Qik • dxj ♦ dX}( 


I 


il 

I 

1 . 1 
'll 

! 


where are certain functions of the co-ordinates X/. In space-time 
co-ordinates, xi = x, X 2 = y, X 3 = z and xo = ct. 

Thus in a non-inertial frame of reference, or equivalently in the 
presence of a gravitational field, the space-time continuum is cur ^ e 
*nd not flat like Minkowskian. The co-ordinates x/are called 
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The quantities g,* form a metric tenw 

Tee "time C a°nd it determines the geometric properties of the cutvt / 
space-time. Such space-time is called Riemann.an space-time. ed f/ 


for / 


i*k 


space-time. 

For inertial frames of reference, 
goo = +1, 911 = 922 = 9 33 = -1- 9ik = 0 

... ds 2 = 900 dxo + 911 dxi + 922 dx 2 + 933 
= ( cdt) 2 -1 . dx*-1 . dxl -1 .dxf 
= c 2(jt 2 - dx 2 - C// 2 - c/z 2 

This shows that Minkowskian space - time (and Euclidean space- 
time also) is a special case of Riemannian space-time. Thus 
Riemannian space-time is general and universal space-time continuum. 
Since the General theory of Relativity covers all frames of reference; 
inertial as well as non-inertial, the space - time of the frames of 
reference is Riemannian space - time continuum. 

7.7 EINSTEIN'S GENERAL LAW OF MOTION : 

In Euclidean space, the shortest path between two points is a 
straight line joining the two points because the space is flat. In 
Riemannian space the shortest path between two points is a curve 
because the space itself is curved. For example, on the surface of a 
sphere the shortest path connecting two points is an arc of a circle 
passing through the two points. This shortest path is called 
geodesic. 

According to Classical Mechanics, every body produces a 
gravitational field around itself and through this gravitational field 
the body exerts a gravitational force of attraction on other objects 
lying in the field. While developing the General theory of 
Relativity, Einstein discarded the idea of the gravitational field by 
saying that there is nothing like a gravitational field. The bo y 
under consideration merely bends the space-time continuum aroun 
itself. [See Fig. 7.2 (b)] The continuum becomes curved. The bigg 
the mass of the body the larger is the curvature of the s P ^. ce ' ^ 
continuum. An object moving in this curved space-time will ^ jfl 
a curved path which is a geodesic on the space-time. 1 . ceS 
formulated the following general law of motion which r 
Newton's laws of motion and gravitation : , olia l 

Every body moves along a geodesic in the four w jth 
space - time continuum provided it does not undergo co 
another body and is not acted upon by electromagnetic for 
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According to Einstein's law, it is not correct tn caw »u 
*■* gravitational force of attraction on the planets through the 
.gravitational field due to which the planets describe circular 9 orbits 
3r0un d it. n e t ; t h sun merely curves the space - time continuum 

3 [° U n neodesics in th 9 ™ SS *. [See Fi 9- 72 0>>] The planets move 
along geodesics in the space-time continuum, which are circles in 

t he c0 J]tinuum. For example, an ant moving on a glass sphere in the 

ja me direction describes a circle because the space in which it is 

moving is spherical and not due to any centripetal force acting on it. 

But if the sphere is not visible one would say that since the ant is 

moving in a circle some centripetal force must be acting on it due to 

gravity. Precisely this happened in Newton's theory of gravitation. 

Whether a planet is moving around the sun or a satellite is moving 

from the earth to moon or a ray of light travels from the source of 

light to the observer, every object is simply moving along a geodesic 

of the space-time continuum whose shape and curvature is governed 

by the distribution of the mass in the space-time continuum. 

Thus the General theory of Relativity eliminates the idea of 
gravity and gravitational force from Mechanics and replaces it with 
the geometry of the space - time continuum the curvature of which is 
decided by the mass of the matter present in the continuum. Thus 
geometry becomes a branch of Physics . 

Note : We cannot carry on the discussion on the formulation of the 
General theory of Relativity beyond this limit because it requires 
advanced knowledge of Tensor algebra and Tensor calculus. For further 
studies, the interested students are requested to read the second half 
of "The Classical theory of Fields", an excellent book on-the subject 
written by L.D. Landau and E.M. Lifshitz. At the end we shall present 
some important and epoch - making achievements of the General 
theory of Relativity. 

7.8 IMPORTANT CONCLUSIONS OF GENERAL THEORY OF 
RELATIVITY : 

One of the most fascinating features of the General theory of 
Relativity is that the results deduced from it are deviated only 
slightly from the results of Newton's theory of gravitation. For weak 
gravitational fields they reduce to the results of Newton's theory i.e. 
the old theory is the special limiting case of the new. Hence all 
astronomical observations which support the Newton's theory also 
support the General theory of Relativity. However, in strong 
9ravitational fields the General theory of Relativity accounts for 
some special, extremely accurate phenomena which could not be 
explained by Newton's theory. Thus the General theory of Relativity 
not overthrow Newton's theory of gravitation but it is rather a 
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refinement of Newton's theory for strong gravi^^ 
cosmological phenomena where we have to deal with'* * ,n 
gravitational fields of the stars and galaxies the new th P n mtense 
excellent results. In what follows we shall present three • ylelds 
strikingly accurate conclusions of the General theorv nf D P ! )rtant ' 
which have been tested by the experiments. 7 Ke,atlvi t 

i) The Motion of the Perihelion of Mercury; 

According to Newton's theory of gravitation a nlaiw 
around the sun in an elliptical orbit and the position of 
remains permanently fixed relative to the sun. P th “ orbit 

According to Einstein's General theory of Relativity, the ellinti 

cal orbit of every planet should rotate 
around the sun in the course of time as 
shown in Fig. 7.4. 

Perihelion of a planet is the point 
in its orbit, which is nearest to the 
sun. According to the General theory 
of Relativity, when the elliptical orbit 
rotates around the sun, this perihelion 
moves from P } to P 2 . According to 
Newtons theory of gravitation, the 
e iptical orbit remains fixed perma¬ 
nently and hence the perihelion of 
each planet should remain stationary. 

Now, the planet Mercury M being 

Strong gravitational field'of the sun' h! ^ * U " m ° VeS in 3 veiy 
the'General theory of Relativitv' H C ! the effects P redicted ^ 
deviations from Newton's law of gravitation^’canTtoted ** 

of Relativity the'perihelbn^TM 3 ' calculat 'ons of the General theory 

of arc per «ntu^ For other ptSif 0 ^ adVa "« 43 
small to be detected becauJ\h 6tS the advance of perihelion is too 
of the sun. aU$e the y mov * in weak gravitational field 

elliptical orbit of Mercu^ in 1859 had observed that 

r “ asaa sr-2 

") ° eflect,on of Li 9ht in Gravitational Field : 

| * ela «^a V body n high 7 m«s°bend 9 s 



Pig. 7.4 Advance of the Perihelion 
of Mercury M form P, to P 2 
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around itself. The continuum becomes curved. The bigger the mass of 
body the larger is the curvature of the space-time continuum. 
„ when a ra y *'9ht passes through this curved space-time, like any 
it, other object, it travels along a curved path which is its geodesic on 
the curved space-time continuum. In other words, the rays of light 
cannot travel along a straight line in a gravitational field. They are 
deflected by the gravitational field from their rectilinear path. This 
conclusion of the General theory of Relativity can be tested 
experimentally as follows : 

A*. 

^ /A? 

V, 



>'■ 


r a 7 5 Deflection of the rays of light coming from the stars, In the c 
M field In the neighbourhood of the sun-disc 

Let us consider two stars 5] and 52 (Fig. 7.5) which apu 
lying in the neighbourhood of the sun-disc 5, when observed horn 
the earth. The rays emerging from the stars have to pass through the 
heavily curved space-time continuum (or equivalently, extremely 
strong gravitational field) surrounding the sun. Hence they are 
deflected from their rectilinear path as shown in Fig. 7.5. When 
observed from the earth they appear to occupy the positions Si and 

$2 respectively. Actually, due to the brilliance of the solar disc we 

jj jtn not see the stars around the sun but during the total eclipse of 
sun/the stars can be visible during the daytime. 

-— 
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In May 19T9, there was total solar eclipse and British astrono^ 
took the photographs of the apparent positions 5, and 5^ 0 f the s > 
Thus the apparent positions of the stars were recorded from the ^ 
After a few months, when the sun shifted to some other position^' 
the sky the photographs of the same stars were taken. Hence thJ" 
actual positions S\ and S 2 were located. On comparing the photrT 
graphs, the deviations in the positions of the stars produced due to 
deflection of the rays of light in gravitational field of the sun We ! 
observed. The deviations were measured. Thus the deflection of |j Q k? 
in the gravitational field was tested experimentally and the result of 
measurements confirmed the prediction of the General theory of 
Relativity in a thoroughly satisfactory manner. 

Mi) Gravitational Red - shift of the Spectral Lines : 

In § 7.5 of this chapter we have come to the conclusion that a 
clock lying in a gravitational field appears to run slow. Tlencejffn a 
strong gravitational field a clock runs more slowly than in a weak 
gravitational fields Now, we know that the mass of the sun is about 

3 x 10 s times as large as the mass of the eartfi) Therefore a dock placed 
on the sun runs more slowly than the clock placed on the earth'll 

Let us consider a source ofsodium light on the earth. The atoms 9 
of sodium emit light which gives rise to a line spectrum in a prism- 

spectrometer. The spectrum consists of one line of wavelength 

The sodium atoms contained in the matter of the sun also emit 
similar light which can be received on the earth. These atoms emit 
the light in a relatively stronger gravitational field. According to 
the General theory of Relativity the period T s of sodium light 
emitted from the sun is greater than the period T e of sodium light 
emitted on the earth. 




i 
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Cer 


i.e. T s > T e 


Now frequency v is given by v = j 


T - - 
v 


1 

— > 
v s 


V e 


4 . 

5. 

6 . 

7. 

8 . 

9. 

10 . 
11 . 

12 


But c = v\ gives v = - 

X 


I 


. h. h. 

“ c > c 

•*. A* > X« . j 

r e '?" 9 . th , ° f lhe sodium Ught coming from the su" ^ , h e 
greater than that from the sodium lamp on the earth. Hence 
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F^nTof the light coming from the sun the spectral line due to 
SP dium light must be slightly displaced towards the red end of the 
5 °ible spectrum as compared to the line spectrum of the licyoufrom 
v ‘ s0 dium lamp on the earth. This displacement is calleivityravi- 
tational red-shift of the spectral line. Whatever is true for soditim is 
trU e for all other elements. 

In General theory of Relativity the formula giving the red-shift 
of the spectral lines has been derived and such red-shift has been 
calculated for the sun. The experimental observations have confirmed 
this type of shift of the spectral lines. For the stars, the red-shift is 
quite large due to their high mass. Even this has been observed 
experimentally. 

These experimental observations have, no doubt, supported the 
General theory of Relativity but this theory is considered as one of 
the greatest intellectual achievements of the present century because 
of its inner consistency and simplicity as well as generality of its 
fundamental assumptions. 

QUESTIONS 

State the basic postulates of the General theory of Relativity. 

State and explain the Principle of general covariance. 

State and explain the Principle of equivalence. 

Describe Einstein's thought experiments to establish equivalence between a no 
inertial frame of reference and gravitational field in a small region of space. 
What is inertial mass and gravitational mass of a body? Prove that they are 

Write a short note on equivalence between inertial mass and gravitational mass. 
[B.U. Oct. 1989] 


1. 

2 . 

3 . 

4. 


5. 


7. 


Explain with suitable examples how the space - time geometry becomes non - 
Euclidean (or non - Minkowskian) in the presence of a gravitational field. 


8 . 

9. 

10 . 
11 . 


12 . 


Write a short note on Riemannian space - time continuum. 

What is a geodesic? , , 

State and explain Einstein's general law of motion. yj 

What are the important conclusions derived from the General Rela y? What 

are the experimental observations in favour of these conclusions? he] 

Write short notes on the following : 
a) Motion of the perihelion of Mercury, 

PrinSe of equivalence of General Relativity. [B.U. May 1989, May 1993, 

Einstein's’ceneral theory of Relativity. [B.U. April 1991, April 1992, 
Oct. 1993, May 1994] 

FOOD FORTHOUGHT 


b) 

c) 

d) 


e) 


1. Can 


we formulate physical laws » are 'Lvi'ng'nulw'a'rbS^ 

onlv those moving _ uniformly,, but_ aiso tnose m y h j 


* * * * * 


] i 
, i 


Hi 


S? .oni; = X"9 |f "V^o^S wTb% ~ % 
Sfitf&TrfX 'awt of nature to -nfefd 


2 . 



Natural laws must be covariant with respect ^J^'^^fufanaws concerned 
mations of the co-ordinates. This requirement limit ne^nat^^. 

incomparably more strongly than the spec a p p _ Einstein 


$ * * * £ 


f 


Scanned by CamScanner 























3 . 


In contrast to ele^rk an^magncUc f JJ^Jj^ enta |^mportUncelfoi^whaf*? ,blts a 

ipost remarkableprof«rty,wn. der ^ ^ jnf| Qf # g^.^at f ? ,| 0 ^ 
\ W es ^^‘Jera'uon which docs not in the least depend either 0 n fie| d 
JpS o a n CC the e phy°^l state of the body. ^ 


5. 


6 . 


7. 


8 . 


whirh was then extended to the four-dimensional flat space of special theoru , 
Relativity^ General Relativity made a really important contribution K h of 
evolution of our physical picture by requiring us to go over to curved space ft 
general requirement of this theory means that all the laws of physics can be 
formulated in curved four - dimensional space, and that they show symmetry 
among the four dimensions. ^ ^ - P.AM. Dirac 


* * 


Thus the concept of gravity as an independent force completely disappears from 
our reasoning, and is replaced by the concepts of the pure geometry of space . 
time in which all material objects move along the geodesics, following the 

- George Gc 


a mow 


VUI ■ VU JWI III v ^ 1 — — J 

time in which all material objects - ^ 

curvature produced by the presence of other big masses. 

* * * $ $ 

Since the gravitational field is determined by the configuration of masses and 
changes with it, the geometric structure of this space is also dependent on 
physical factors. Thus, according to this theory, space is no longer absolute its 
structure depends on physical influences. Physical geometry is no longer* an 
isolated self - contained science like the geometry of Euclid. a 

- Albert Einstein 

* & $ & $ 

It is true that the theory of Relativity, particularly the General theory, has plaved 
a rather modest role in the correlation of empirical facts so far, and it has 
contributed little to atomic physics and our understanding of quantum 
phenomena. It is quite possible, however, that some of the results of the Ceneral 

!h!S r n of ,. Rela -i v,ty ' suc u h . as the 9 eneral covariance of the laws of nature and 
I LT may help to overcome the difficulties encountered at present 

theory of atomic and nuclear processes. Apart from this the theory of 

of aS its a S a s aPPeal because ° f itS inner consistence ! 

- Albert Einstein 

* * * $ $ 

! t !:Ta k !;T f Sbnr i t U ', ! l- hin ^ wi ' h its ™"y wind alleys, how hard it 
is truly significant. ' ” 50 ima ' ,owards the understanding of that 

* ’... 


* * 


* 


- Albert Einstein 
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EPILOGUE 


i 


We are coming to the end of our journey in Relativity. If you have 
p,operly understood Relativity you must have realized that Relativity was 
born and has grown up on one basic philosophy : The natural laws of Physics 
are invariant first in ail inertial frames of reference under Lorentz transforma¬ 
tions and then in all general frames of reference, whatever may be their states 
of motion, under any arbitrary co-ordinate transformations. This philosophy 
has taken us to what excellent heights of our intellect! It created revolution 
not only in our fundamental concepts, of Physics such as simultaneity, space, 
time, mass,energy, gravity etc. but also established symmetrical connections 
between space and time, momentum and energy, electric, and magnetic field 
intensities. It has established equivalence between space and time, mass and 
energy, electrostatic force and electrodynamic force, gravitational field and 
a non-inertial frame of reference. In,trying to implement this philosophy we 
have.gone from three dimensional Euclidean flat space to four dimensional 
Minkowskian space-time continuum and from there to a general Riemannian 
curved space-time continuum. 

The most important aspect of all these developments and achievements 
is that they were first attained by the genius of a single man, Albert’Einstein 
who says : "The simpler our picture of the external world and the more facts it 
embraces, the more strongly it reflects in our minds the harmony of the 
universe". And to visualize this harmony of the universe he created the 
theories of Relativity, which are considered as the greatest achievements of 
human intellect of all time. Robert Oppenheimer has rightly said : "Deep 
understanding of what it means that no signal could travel faster than light 
would surely have come, the formal equations were already known, but. this 
simple brilliant understanding of Physics could well have been slow in 
coming, had Einstein not done it for us, so beautifully, so naturally!!". 

But still this is not the end of our struggle to understand the persuits of 
nature. According to Einstein, "In our endeavour to understand the reality we 
are somewhat like a man trying to understand the mechanism of a closed 
watch. He sees the face and the moving hands, even hears its ticking but he 
has no way of opening the case. If he is ingenious he may form some picture 
of a mechanism which could be responsible for all the things he observes, 
but he may never be quite sure his picture is the only one which could 
explain his observations. But he certainly believes that as his knowledge 
increases, his picture of reality will become simpler and simpler and will 
explain a wider and wider range of his sensuous impressions. He may also 
believe in the existence of the ideal limit of knowledge and that it is 
approached by the human mind. He may call this ideal limit as the objective 

Truth". Let us pray thus :_ 

an Tt I 

Let noSCe thoughts come to us from every side- ~ Rigveda 1 - 89 -i. 
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